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Reentrant condensation of DNA induced by multivalent counterions
T. T. Nguyen
Theoretical Physics Institute, University of Minnesota, 116 Church Street SE, Minneapolis, Minnesota 55455

I. Rouzina
Department of Biochemistry, University of Minnesota, 1479 Gortner Avenue, St. Paul, Minnesota 55108

B. I. Shklovskii
Theoretical Physics Institute, University of Minnesota, 116 Church Street SE, Minneapolis, Minnesota 55455

~Received 8 September 1999; accepted 3 November 1999!

A theory of condensation and resolubilization of a dilute DNA solution with growing concentration
of multivalent cations,N, is suggested. It is based on a new theory of screening of a macroion by
multivalent cations, which shows that due to strong cation correlations at the surface of DNA the net
charge of DNA changes sign at some small concentration of cationsN0 . DNA condensation takes
place in the vicinity ofN0 , where absolute value of the DNA net charge is small and the correlation
induced short range attraction dominates the Coulomb repulsion. AtN.N0 positive DNA should
move in the opposite direction in an electrophoresis experiment. From comparison of our theory
with experimental values of condensation and resolubilization thresholds for DNA solution
containing Spe41, we obtain thatN053.2 mM and that the energy of DNA condensation per
nucleotide is 0.07kBT. © 2000 American Institute of Physics.@S0021-9606~00!51305-1#
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I. INTRODUCTION

In the last several years there has been a revival of
terest in the phenomenon of DNA condensation with mu
valent cations. The reason for this interest is the genera
fort of the scientific community to develop effective ways
gene delivery for the rapidly growing field of genet
therapy. The DNA compaction should be fast, effective, e
ily reversible and should not damage the DNA double he
All of these conditions are fulfilled in DNA condensatio
with multivalent cations, such as CoHex31, naturally occur-
ring polyamines Spd31, Spe41 and their analogs which ar
known to bind to DNA in the predominantly nonspecifi
electrostatic manner. The DNA condensates obtained
way are indeed closely packed arrays of parallel DN
strands. It was shown that the helical structure of the B-D
is not perturbed within such condensate, and that the reac
is easily reversed by the addition of monovalent salt, or s
ply dilution of the solution with water. Cations with large
and more compact charge are more effective in conden
the DNA. This also suggests an electrostatic mechanism
the DNA condensation with multivalent cations. Durin
about 20 years of research, a significant amount of inform
tion on DNA condensation has been accumulated. For l
DNA, as the concentration ofZ-valent cations grows con
densation happens abruptly at some critical concentrat
Nc which depends on the charge of cations and the con
tration of monovalent saltn. A comprehensive review of the
experimental and theoretical results forNc can be found in
Refs. 1, 2.

The intensive study of the last few years revealed co
pletely new features of DNA condensation with multivale
cations.3–6 It was discovered that when the concentration
cations grows far beyondNc to some new critical valueNd

@Nc , DNA dissolves and returns to the solution. This r
2560021-9606/2000/112(5)/2562/7/$17.00
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entrant condensation behavior is schematically shown in
1. For a long DNA and smalln both transitions are very
sharpand the ratio ofNd /Nc can be as large as 104. Remark-
ably, the decondensation thresholdNd is almost totally inde-
pendent on the monovalent salt concentration,n. On the
other hand, the condensation threshold,Nc , grows with in-
creasingn.

It has been understood for some time that, due to co
lations between multivalent cations at the DNA surface,7–15

two DNA molecules experience a short range attracti
which can lead to condensation. Monovalent ions are m
less correlated and do not provide any attraction. Conv
tional explanation for the condensation thresholdNc is that it
is just the bulk concentration ofZ-valent cations,N5Nr , at
which they replace monovalent ones and begin to produc
short range attraction. However, from this point of view it
very difficult to understand why at largeN5Nd , DNA mol-
ecules go back to the solution.

The above explanation also does not take into acco
the net charge of DNA. The nonlinear Poisson–Boltzma
equation predicts18,19a value for the net linear charge densi
of DNA, h* , which includes the bare charge of DNA an
the charge of cations bound at the very surface of DNA w
energy larger thankBT. This charge is negative and does n
depend onN. At N.Nr , two situations are possible. Th
energy of the Coulomb repulsion can be smaller than
energy of the short range attraction. Then DNA condense
N5Nr but never dissolves back. If the energy of the Co
lomb repulsion is larger than the energy of short range
traction, condensation does not happen at all. Both possi
ties contradict experiments and therefore reentr
condensation cannot be explained in the Poisson–Boltzm
approximation.

In this paper we propose an explanation for the reentr
2 © 2000 American Institute of Physics
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condensation based on a new theory of screening of ma
ions by multivalent cations, which emphasizes the stro
correlations of multivalent cations at the surface of DN
We explain why the condensed phase exists only within
limited range,Nc<N<Nd and calculate bothNc andNd .

It was shown in Refs. 16, 17, that the strong repuls
between multivalent cations leads to their strong lateral c
relations. The resulting strongly correlated liquid of multiv
lent cations at the surface of DNA has a large nega
chemical potential,m, which describes the additional pure
electrostatic binding of cations to the surface (umu@kBT).
This, in turn, leads to an exponentially small concentration
cations above the surface,N05Ns exp(2umu/kBT), whereNs

is the concentration of counterions within the conden
layer. The concentrationN0 can be still larger thanNr , if n
is not unrealistically large.

According to Refs. 16, 17, when the bulk concentratio
of multivalent cations,N, grows aboveNr , the net negative
chargeh* decreases in absolute value and crosses zer
N5N0 . At N.N0 , the net charge becomespositive and
continues to grow withN. This effect is called charge inver
sion. It is worth noting here that the charge inversion is no
result of some specific chemosorbtion,20 but rather a direct
consequence of purely electrostatic interactions of multi
lent cations.

At N5N0 there is no Coulomb repulsion at all, so th
the short range attraction dominates and leads to conde
tion. This is actually the optimal situation for condensatio
It is obvious that there is a range ofN aroundN0 where
attraction still dominates and DNA condenses. Condensa
thresholdsNc and Nd then are determined by the conditio
that the energy of the short range attraction is equal to
energy of Coulomb repulsion of negative and positive DN
molecules, respectively. This means that the concentra
N0 is located inside the windowNc<N<Nd ~see Fig. 1! and
the width of the window grows with the strength of the sh
range attraction.

Below we present an analytical theory, which calcula
both critical concentrationsNc and Nd in terms of the two
main physical parameters of the system: boundary con
tration of multivalent cationsN0 and the energy,«, of the
DNA binding within the DNA bundle per nucleotide.

At a small concentration of monovalent salt,n, the con-
densation thresholdNc calculated in our theory is larger tha
the replacement concentrationNr . This means that the re
placement of monovalent cations happens before the con
sation and by itself cannot lead to the condensation w
Coulomb forces are still strong. On the other hand, ifn is so

FIG. 1. Schematical illustration of the reentrant condensation. The frac
x of DNA molecules in solution is plotted as a function of logarithm of t
cation concentration.
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large thatNr is larger than the calculatedNc ~which assumes
that replacement has happened!, the condensation actuall
happens only atN5Nr . Thus, a large concentration o
monovalent ions,n, acts as a ‘‘curtain.’’ It eliminates a par
of the window predicted by our theory. We show below th
in the experiment of Ref. 3 the ‘‘curtain effect’’ starts t
work only atn.50 mM.

Two central parameters of our theory,N0 and«, can be
calculated for a simple model of DNA as a uniform
charged cylinder.15–17They can be also directly measured
independent experiments. The energy« was measured in
Ref. 21.

On the other hand, one can obtain these parameters
the experimental values ofNc and Nd . Below we use con-
densation and resolubilization for DNA with Spe41 to esti-
mate« andN0 . We obtain«50.07 kBT andN053.2 mM.
The first number reasonably agrees with experimental da21

Thus far we have talked about long DNA. For sho
DNA fragments, one should take into account the mixi
entropy of DNA molecules which makes their solution mo
stable and makes the window betweenNc and Nd smaller.
We calculate the phase diagram for the condensation
DNA olygomers consisting ofL/b bases (L is the length of
olygomer,b51.7 Å is length of double helix per phosphate!.
This phase diagram is shown in Fig. 2 on the plane (N,y),
where

y5
kBTb

«L
ln

Cmax

C
, ~1!

C is the concentration of DNA molecules andCmax is its
maximum value~equal to the inverse volume of a DNA mo
ecule!. Below the solid curve, in segregation domain, co
densed and dissolved phases coexist. Thinking about
small concentrations of DNA,C!Cmax, we completely ig-
nore the lower border of the segregation domain. Above
solid curve, all DNA molecules are in solution. A solution
long DNA molecules corresponds to a horizontal liney
5y0!1. As concentration of DNA or its length decrease
the window betweenNc andNd shrinks. Condensation pro
vides largest gain of free energy atN5N0 where DNA mol-

n

FIG. 2. Phase diagram of a dilute DNA solution in the plane of the b
cation concentrationN ~in units of mM! and variabley defined by Eq.~1!.
The solid curve was plotted using Eq.~23! with fitting parameters obtained
from the data~Ref. 3! for long DNA screened by Spe41. Above the curve,
all DNA molecules are in solution (x51). Below the solid curve, the seg
regation domain is located. Here the condensed phase of DNA appear
in regions far enough from the curve, it consumes most of DNA (x!1).
The dotted line corresponds toN5N0 , where the net charge of DNA
changes sign from negative to positive.
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ecules are neutral. This is why the phase boundary cu
peaks atN5N0 . The dotted line,N5N0 , on Fig. 2 divides
the plane in two parts. AtN,N0 the net charge of a DNA
molecule is negative, while atN.N0 it is positive. This net
charge by definition includes cations which are bound
DNA with binding energy larger thankBT. Therefore, they
move together with DNA in gel electrophoresis. This mea
that DNA should move in the direction opposite to the co
ventional one ifN.N0 .17 It would be interesting to verify
this prediction experimentally. We propose also to comb
experimental study of the condensation phase diagram
the gel electrophoretic measurement of the charge on
dissolved DNA molecules.

II. CRITERION OF EQUILIBRIUM BETWEEN
CONDENSED AND DISSOLVED PHASES
OF LONG DNA

In this section we consider long DNA molecules in
aqueous solution containingZ-valent counterions of the bulk
concentrationN. DNA condensation and resolubilizatio
take place when the chemical potential of DNA in its co
densed and dissolved states are equal, i.e.,

mc5md . ~2!

For a long DNA we can neglect the entropy of DNA in bo
phases. We view the condensed phase as a bundle of pa
molecules which stick together due to correlation induc
short range attraction to the nearest neighbors. The chem
potential of DNA molecule in the condensed phase in t
approximation is determined by

mc52«L/b, ~3!

where L/b is the number of negative charges in a DN
molecule.

Each molecule of a large bundle is practically neutr
More exactly its charge is inversely proportional to the nu
ber of molecules in the bundle.15 This happens because th
total charge of a large bundle keeps counterions inside
bundle very effectively.

On the other hand, in the dissolved state, each mole
acquires finite net charge density,h* . This happens becaus
a finite fraction of its counterions moves to the Deby
Hückel atmosphere in order to increase their entropy. O
can view a single DNA molecule and its Debye–Hu¨ckel at-
mosphere as a cylindrical capacitor with linear charge d
sitiesh* ~inside! and2h* ~outside!. We recall that the ne
linear charge density of DNA,h* , includes the bare charg
and the charge of cations residing at the very surface of D
and attached to the surface with binding energy larger t
kBT.

In equilibrium the electrostatic potential on the surfa
of DNA, w0 , is determined by the ratio of the cation co
centration in the bulk,N and the concentration near the su
face of DNA,N0 :

Zew052kBT ln
N0

N
. ~4!

This potential acts like a voltage difference applied to
capacitor.
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The free energy per DNA molecule or the chemical p
tential of the dissolved phase can be written as

md52 1
2 w0h* L. ~5!

To derive Eq.~5! one should add the energy of the elect
field of the capacitor,

U5 1
2 w0h* L, ~6!

to the change of the entropy term of the free energy of c
ions when they move from the surface of DNA to the bulk
solution

Lh*

Ze
kBT ln

N0

N
52w0h* L ~7!

@here Eq.~4! was used#. Equivalent derivation can be found
for example, in Ref. 22. Comparing Eq.~5! and Eq.~6! we
see that the change of the free energy of the capacito
equal to the energy of an electric field with a minus sig
This is a realization of the general theorem valid for a
capacitor kept at constant voltage.23

The surface potential,w0 , can be easily related to the ne
charge densityh* . Indeed, at distancer from its surface, a
cylinder of radiusa and linear chargeh* creates a potentia

w~r !5w02
2h*

D
lnS a1r

a D , ~8!

where D is the dielectric constant of water. This potenti
vanishes beyond the Debye screening length,

r s5~4p l B!21/2~NZ21ZN12n!21/2, ~9!

where l B5e2/DkBT is the Bjerrum length. Therefore, sub
stituting r 5r s andw(r s)50 into Eq.~8! one obtains

w05
2h*

D
lnS a1r s

a D . ~10!

Substituting Eq.~10! into Eq. ~5! we get

md52
~h* !2

D
L ln~11r s /a!. ~11!

Using the condition Eq.~2! together with the expressions fo
the chemical potentials for both states, Eqs.~3! and~11!, we
arrive at the final equation for the DNA reentrant conden
tion transitions

«

kBT
5

b~h* !2

D
ln~11r s /a!. ~12!

To proceed further one has to know the net charge den
h* . The next section gives a review of current understand
of this quantity.

III. NET LINEAR CHARGE DENSITY OF SCREENED
DNA

Conventional understanding of nonlinear screening o
strongly charged cylinder is based on the Poisso
Boltzmann equation. Let us first consider a cylinder with
negative bare linear charge density,2h, which is screened
by Z-valent cations (n50). Assume thath.hc , wherehc

5e/ l B (h54.2 hc for double helix DNA!. Onsager and
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Manning18 argued that such a cylinder is partially screen
by counterions residing at the very surface, so that the
linear charge density of the cylinder,h* , is equal to the
negative universal value2hc /Z. The rest of the cylinder
charge is linearly screened at much larger distances acc
ing to the linear Debye–Hu¨ckel theory. The net charge,h* ,
does not depend on the bulk concentration of cations,N and
is shown~in units of 2hc! by the dotted line on Fig. 3~a!.
The Onsager–Manning picture of condensation was c
firmed by the solution of the Poisson–Boltzmann equation19

Let us now discuss a water solution, containing both
concentration,n, of monovalent salt and a concentration,N
of Z:1, salt. WhenN grows to some well defined concentra
tion, N5Nr , multivalent cations replace monovalent ones
the surface of DNA. According to conventiona
understanding24,25 this replacement of the condense
monovalent ions changes2h* /hc from 1 to 1/Z @see the
dotted line on Fig. 3~b!#. In logarithmic scale this transition
looks quite abrupt.

In recent papers16,17 the influence of strong correlation
of multivalent cations at the surface of a macroion on its
charge,h* , was studied. The general expression for the
linear charge density,h* , was derived:

h* 52
hc

2Z

ln~N0 /N!

ln~11r s /a!
. ~13!

This equation takes into account correlations with the help
the new boundary conditionN(r 50)5N0 for the Poisson–
Boltzmann equation. To remind derivation of this result
us write down the Boltzmann formula

N~r !5N0 expS 2
Ze

kBT
~w~r !2w0! D , ~14!

FIG. 3. The dimensionless net linear charge densityh* /hc as function of
Z-valent cation concentrationN ~in units of mM! at zero concentrationn of
monovalent salt~a! and at finiten ~b!. The solid curves are drawn accordin
Eq. ~13! with parameters obtained from the data~Ref. 3! for DNA screened
by Spe41. Dotted curves represent conventional understanding of result
the Poisson–Bolzmann equation.N0 is the concentration ofZ-valent ions at
the surface of DNA andNr is the concentrationN at whichZ-valent cations
replace monovalent ones.
d
et

rd-

n-

a

t

t
t

f

t

At r 5r s the concentrationN(r ) reaches its bulk value,N.
Substituting Eq.~10! into Eq. ~14! we obtain

N5N0 expS 2Zh*

hc
lnS a1r s

a D D . ~15!

Expressingh* in terms of the bulk cation concentrationN
we arrive at Eq.~13!. This equation was used to plot soli
lines on Fig. 3.

At n50 @Fig. 3~a!# one can see17 that Manning’s limit-
ing value ofh* 52hc /Z holds only for the unrealistically
small N. At larger N the absolute value of the net charg
decreases,h* crosses zero and becomes positive.

At finite n, the screening radius,r s , strongly decreases
and at smallN the net charge density,2h* , becomes larger
thanhc /Z @see solid line on Fig. 3~b!#. It was shown in Ref.
17 that whenN goes toNr , the densityh* becomes as large
ashc , so that at the replacement point the net density,h* ,
matches its standard value for monovalent ions. At largeN
the role of the monovalent salt is smaller andh* is similar to
that of n50. The density,h* , crosses zero atN5N0 and
becomes positive. In the next section we will use Eq.~13! to
find the condensation and resolubilization thresholds.

IV. REENTRANT CONDENSATION THRESHOLDS FOR
LONG DNA MOLECULES. COMPARISON WITH
EXPERIMENT

Now we can substitute Eq.~13! into Eq. ~12! and obtain
an explicit equation for the threshold concentrations:

«

kBT
5

1

4Z2j

ln2~N0 /N!

ln~11r s /a!
. ~16!

Here j5 l B /b is the conventional Manning’s parameterj
54.2 for DNA!. Obviously, there exist two solutions,Nc and
Nd , for the bulk concentration,N, which corresponds, re
spectively, to the condensation and dissolution transit
points.

ConcentrationNc is usually so small thatr s is dominated
by monovalent ions andr s5r 15(8p l Bn)21/2. With the help
of Eq. ~16! we arrive at a simple equation forNc :

«

kBT
5

1

4Z2j

ln2~N0 /Nc!

ln~11r 1 /a!
. ~17!

To obtain an equation forNd , we take into account that in
the case of Spe41 cation,3 the condensed phase dissolves
Nd'150 mM. At such a large concentration ofZ:1 salt we
can neglect the monovalent salt concentrationn in Eq. ~9!.
Even then according to Eq.~9! screening radiusr s turns out
to be 0.2 nm, much smaller than the average distance
tween anions in the bulk of solution, (NZ)21/351.3 nm. This
means that the Debye–Hu¨ckel theory does not work even i
the bulk. Strictly speaking for such largeN our theory as
well as results of Refs. 15–17 should be modified. Two c
relation effects should be considered in such a nonid
plasma.

First, strong repulsive correlations between cations
substantially increaser s . Role of these correlations can b
illustrated qualitatively assuming that anions form a unifo
background and cations are pointlike particles or, in ot

of
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words, using a concept of one-component plasma~OCP!. For
such a model, role of cation correlations depends on the
rameter G5(Ze)2/(Dr NkBT), where r N5(4pN/3)21/3.
Debye–Hu¨ckel theory works only forG!1. At Z54 and
N5Nd5150 mM one finds thatG'8. At suchG thermody-
namic properties of OCP are closer to that of Wigner crys
than to the ideal gas. In particular compressibility of OC
becomes negative. This dramatically changes the charact
screening by Z:1 salt. In the sum on the right side of Eq.~9!
the large positive termNZ2 gets replaced by anegativevalue
describing contribution of OCP. Thus,r s becomes even
larger thanr s50.5 nm which Debye–Hu¨ckel theory gives
when only anions are taken into account. Note that cati
Spd31 and Spe41 are 1.5 and 2 nm long polymers, not poin
like ions. Therefore, application of OCP can be considered
a crude illustration only.

Second, monovalent anions can be incompletely diss
ated fromZ-valent cations. This effect is not very strong f
cations Spd31 and Spe41 because they are quite large. Still
can substantially increaser s . For the purpose of a crud
estimate we assume thatr s is of the order of average distanc
between anionsd5(NdZ)21/351.3 nm at N5Nd . Then
equation forNd has a form

«

kBT
5

1

4Z2j

ln2~N0 /Nd!

ln~11d/a!
. ~18!

The same two correlations effects lead to another revisio
our theory. Strictly speaking in the numerator of the rig
side of Eq.~18! the concentration of cationsN should be
replaced by its active fractionNact, which can be substan
tially smaller thanN. We could not find values ofNact for
such large concentrationsN of Spd31 or Spe41 in the litera-
ture. Therefore, for the purpose of estimate, we proceed
ing Nd instead ofNd

act.
In practice, the concentrationsNc and Nd are known

from experiments, so that important parameters« andN0 can
be found with the help of Eqs.~17! and ~18!. For example,
N0 can be found by eliminating« from Eqs.~17!, ~18!. In the
specific experimental situation of Ref. 3 where long DN
molecules condensed with a 4-valent cation, Spe41, Nc

50.025 mM andNd5150 mM at the lowest concentratio
n510 mM of NaCl. Using these values we obtain from Eq
~17!, ~18! N053.2 mM and«/kBT'0.07. The last value fa
vorably agrees with the energy of attraction between the
Hex condensed DNA obtained in the osmotic stre
experiment,21 «50.08 kBT.

Knowing N0 and«, we can try to reproduce the exper
mental dependence of the condensation thresholdNc on con-
centration of NaCl, obtained in Ref. 3. This can be done w
the help of Eq.~17!:

ln Nc5 ln N02S 4Z2j
«

kBT
ln~11r 1 /a! D 1/2

. ~19!

The calculated functionNc(n) is shown in Fig. 4 togethe
with the experimental points from Ref. 3. It is clear that E
~19! closely reproduces experimental behavior untiln
&50 mM. The later value is close to the concentration
monovalent cations which is needed to replace 4-valent
ions at the surface of DNA forN'0.01 mM. It seems that a
a-
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s
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i-

of
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.

o-
s
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f
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n.50 mM, condensation happens simultaneously with
replacement of monovalent cations by multivalent ones,
at Nc;Nr , as was assumed in Ref. 25.

We would like to emphasize that at low monovalent s
concentrationsn,50 mM, there is a broad range of conce
trationsNc.N.Nr in which multivalent cations cover the
DNA surface, but condensation does not happen. In
range, the Coulomb repulsion of negative DNA molecules
strong enough to prevent condensation because, as show
Fig. 3~b!, the absolute value of the net negative charge on
polymer,2h* , does not abruptly decrease fromhc to hc /Z
at Nc;Nr , but still stays larger thanhc /Z in the large in-
terval of N.Nr .

In contrast withNc , the resolubilization thresholdNd

practically does not depend onn. This happens because
N5Nd , screening is dominated by multivalent cations a
agrees with our Eq.~18!.

Let us now discuss another experimental study4 in which
DNA solution was condensed with trivalent Spd31 cations.
In this case, forn54 mM, the threshold concentration
equal Nc'2 mM and Nd'60 mM, which yields N0

'11 mM and«/kBT'0.02. This value of«/kBT is about
three times smaller than for Spe41. This is quite reasonable
if attraction has an electrostatic nature.

The concentrations,N0 , we obtained above, are substa
tially larger than concentrations 0.3 mM and 1mM predicted
by the microscopic theory17 for the pointlike 3- and 4-valen
cations, respectively. This can be related to approximati
made both in theoretical calculation ofN0 and in the above
procedure of extraction ofN0 from the experimental data.

On the theoretical side, as we mentioned above, cat
Spd31 and Spe41 are quite long linear polymers~1.5 and 2.0
nm, respectively!. Their length is approximately equal to th
average distance between cation centers in two-dimensi
strongly correlated liquid of cations on the surface of DN
As a resultumu can be smaller for Spd31 and Spe41 than for
pointlike ions, what in turn can lead to exponential growth
N0 . Thus, to obtain a more reliable theoretical prediction
N0 , one has to study the thermodynamic properties of
strongly correlated~possibly nematic! liquid of these ions on
an uniform negative background by numerical methods.

On the experimental side, in the correct procedure o
should replaceNd by Nd

act. This can lead to substantial de

FIG. 4. The condensation thresholdNc ~in unit of mM! as a function of
monovalent salt concentration,n. The solid curve corresponds to Eq.~19!.
Experimental data~Ref. 3! are shown by the large dots.
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crease of experimental value ofN0 . As we saw above,N0 is
extremely important parameter which can be used in m
experimental situations. Therefore, we suggest to study
tivity of Spd31 and Spe41 in the vicinity of 100 mM to
correct the experimental values ofN0 .

Note that Ref. 3 also contains information on the sin
and triple stranded DNA helices, which condensed in
narrower and wider range of@Spe41# than the double helices
respectively. This tendency agrees with idea that correlat
play the major role in this phenomenon.

Concluding our discussion, we would like to emphas
that there is another reason why application of our theory
the experimental data3,4 is not completely convincing. In-
deed, our theory assumes that that the concentration of D
phosphatesNph is smaller thanN, so that the DNA charge
can be easily compensated byZ-valent cations. Actually in
experimental conditions3,4 the condensation thresholdNc

happens to be close toNph . This situation deserves speci
theoretical treatment which will be a subject of a futu
work. For more reliable comparison with the theory of th
paper we need experiments at smaller concentrations
DNA phosphates.

V. CONDENSATION OF SHORT DNA MOLECULES

In this section we explicitly deal with the mixing entrop
of DNA molecules in the dissolved state, and calculate
phase diagram for the DNA solution. We consider dou
helix DNA molecules of lengthL, with L/b bases each.

The free energy per DNA molecule in solution with co
centrationC is

F52xkBTS lnS Cmax

Cx D11D2~12x!
L

b
D, ~20!

where 12x is the fraction of DNA molecules in the conden
sate. The first term in Eq.~20! is the entropy of the dissolve
DNA phase per molecule of DNA. HereCmax;1/pa2L is
the inverse volume of the DNA molecule. The second te
in Eq. ~20! is the average free energy per molecule in
condensed state. HereD is the difference between the energ
of short range attraction« and the free energybmd /L of the
screening atmosphere per nucleotide@see Eq.~11!#:

D

kBT
5

«

kBT
2

1

4Z2j

ln2~N0 /N!

ln~11r s /a!
. ~21!

Minimizing Eq. ~20! with respect tox, we find

x5
Cmax

C
expS 2

D

kBT

L

bD . ~22!

Then the boundary of two-phase domainx51 corresponds
to the condition

kBTb

«L
ln

Cmax

C
512

kBT

4Z2j«

ln2~N0 /N!

ln~11r s /a!
, ~23!

Eq. ~23! specifies the conditions when the chemical pot
tials of the condensed and dissolved states of DNA are eq
The curve described by Eq.~23! forms a boundary on the
phase diagram on Fig. 2, separating the region of the
y
c-

e
e

ns

e
o

A

of

e
e

e

-
al.

s-

solved DNA~above it! from the region where the condense
and dissolved phases of DNA coexist~below it!. Within the
separation domain the fraction of dissolved DNA is given
Eq. ~22!.

The dotted lineN5N0 divides the phase diagram of Fig
2 into two regions where the DNA molecules have oppos
signs. Positive net charge of dissolved DNA can be m
sured in an electrophoresis experiment because cation
cluded in this charge are bound to DNA with a binding e
ergy larger thankBT and therefore move together with DNA
molecule. AtN.N0 one should see that DNA molecules a
positive both above and below phase boundary of Fig
However, below the boundary, intensity of correspond
electrophoresis peak should decay rapidly with the dista
from the boundary. This intensity is picked up by slow
moving bundles of DNA molecules, which at large enoughN
can be also positive.

The position and the shape of the phase boundary o
ously depends on the values of the parametersN0 , «/kBT
and 2Z2j. For double-helix DNA with Spe41 we find
2Z2j5134. Using the estimates«/kBT50.07 and N0

'3.2 mM obtained above we can calculate the phase bou
ary for condensation of the DNA fragments of the arbitra
length if we know r s as function ofN. Because of poor
understanding of screening at largeN ~see above! we do not
have such a general expression forr s . Therefore, only for an
illustration, we plotted the phase diagram on Fig. 2 us
r s5r 1 for N,N0 and r s5(NZ)21/3 at N.N0 .

VI. CONCLUSION

The theory of DNA condensation and resolubilization
multivalent cations presented above makes several no
well defined predictions which have not been confirmed
experiment yet. The main results of the study are summ
rized in the phase diagram presented in Fig. 2. There are
two physical parameters« andN0 on which the shape of the
phase boundary depends. Therefore measuring just a
threshold concentrations of multivalent cationsNc and Nd

for solution of DNA fragments of different length and/o
concentrations should yield several independent determ
tions of these quantities, and at the same time provide
test for the self-consistency of our model. Experimental st
ies of DNA phase diagram with different multivalent catio
would provide the values of the attractive energy for diffe
ent ions. In the present theory the origin of parameters« and
N0 was not specified and they were treated as phenom
logical parameters. Comparison of experimentally det
mined« andN0 values for different counterions should yie
information about the nature of the attraction. It is wor
noting here that the value of« is determined by the balanc
of the attraction due to the correlations of multivalent catio
with all of the repulsive non-Coulomb DNA–DNA interac
tion. The first interaction decays with DNA–DNA distanc
slower than the second one. Then the binding energy« is
determined by correlations. In this case, the two quantitie«
and N0 are not independent15,17 namely lnN0}«. For the
model of the uniformly charged cylinder and pointlike ca
ions both parameters were calculated microscopically.15,17
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We would like to emphasize that the concentrationN0

found in this paper plays extremely important role in a
phenomenon related to screening of DNA molecules by m
tivalent ions.16,17 In this paper, we try to attract attention t
the fact thatN0 plays major role in electrophoresis, becau
the net linear charge density of DNAh* changes sign atN
5N0 . It was predicted16,17 that DNA should start moving in
the opposite direction atN.N0 . It is not obvious that one
can see this phenomenon for long DNA. Indeed, in la
interval of concentrationsN0,N,Nd most of long DNA
molecules are condensed in low mobility bundles while c
centrationsN.Nd may be difficult for experiment becaus
of large dissipation of heat. To avoid this problem, we su
gest doing electrophoresis of a solution of short DNA fra
ments. In this case all DNA molecules have unconventio
sign of mobility at concentrations smaller thanNd . The
phase diagram shown in Fig. 2 predicts good conditions
such an experiment. It would be very interesting to ver
predicted correlations between the reentrant condensa
and unconventional electrophoresis.
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