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DNA-linked metal nanosphere materials: Fourier-transform solutions
for the optical response

A. A. Lazarides and G. C. Schatz
Department of Chemistry, Northwestern University, Evanston, Illinois 60208-3113

~Received 18 October 1999; accepted 15 November 1999!

Methods are developed for modeling the optical properties of aggregates of large numbers of small
metal nanospheres in a dielectric medium. Aggregates are modeled as systems of coupled dipoles,
with the dipole polarizabilities for the spheres determined using Mie theory. Fast-Fourier-transform
~FFT! and conjugate-gradient~CG! techniques are used to solve the electrodynamic equations for
both ordered and disordered aggregates. Results are shown to match solutions arrived at by direct
methods. The range of validity of the coupled-dipole approximation for modeling DNA-linked
colloidal materials is established by comparison with coupled-multipole results. While the methods
are applicable only to lattice gas aggregates and aggregates composed of nanospheres on cubic
lattices, there are no restrictions as to aggregate shape. ©2000 American Institute of Physics.
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I. INTRODUCTION

Recent developments in the design of nanoparticle-ba
materials have yielded nanostructured materials with dist
tive properties. Among the new synthetic strategies is tha
DNA-driven assembly of colloidal nanoparticle aggregate1

Gold spheres, for example, coated with thiol-capped oli
nucleotides are exposed to free oligonucleotide, one en
which is complementary to the DNA on half of the nanop
ticles, the other end of which is complementary to the DN
on the rest of the nanoparticles. DNA hybridization pulls t
nanoparticles together and yields a reversibly aggregated
electric material whose optical properties differ significan
from those of noninteracting, dispersed particles and a
from those of fractal colloidal aggregates formed throu
irreversible kinetic processes.2

To model the optical properties of the aggregates,
must describe the electrodynamic response of a large num
of rather closely packed nanospheres. Whereas the resp
of a single sphere is easily described as a superpositio
electric and magnetic multipoles of various orders and
response of a small number of nanospheres can be d
mined by self-consistent solution of the coupled multipo
equations, collections of nanoparticles of the numb
(. 103) observed in DNA-linked colloidal networks are im
possible to model using direct methods that scale proh
tively with particle number. While ultimately it may prov
reasonable to discard explicit particle models in favor of
fective medium models, we use explicit models here so
details of the dependence of optical properties on inte
structure can be reliably determined.

While the DNA-linked system presents a problem
scale, it has some distinctive structural properties that s
plify the modeling problem. The DNA coating provides a
exclusion layer that separates the nanoparticles by a few
nometers. DNA hybridization, while energetically favored,
reversible,1 and mild annealing produces aggregates w
fairly uniform metal density, as observed by transmiss
2980021-9606/2000/112(6)/2987/7/$17.00
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electron microscopy.3 Ordering is energetically favored an
has been observed for modest length scales through sm
angle x-ray scattering.4 The division of the nanospheres int
two species on the basis of their oligonucleotide coat
leads to structures that are topologically binary. Structu
that allow particles to have a large number of complement
nearest neighbors are preferred over the face-centered-c
hexagonal close-packed, and random close-packed struc
that can form when particles interact nonspecifically.5

We have developed methods for modeling the electro
namic response of large arrays~up to 105) of small coupled
metal nanospheres. Here we describe an explicit part
model in which each nanosphere is modeled as a dipole
sponding to a local field composed of the incident field a
the retarded fields of the other nanoparticles. Higher or
response is neglected because, in the DNA-linked ag
gates, the oligonucleotide layer maintains interparticle se
rations that are large enough to render short-range high-o
effects small. We adopt efficient methods of solving coup
electrodynamic equations6 so as to be able to model aggr
gates composed of a number of particles sufficient to disp
the optical properties of the DNA-linked material.

In Sec. II we describe an interacting dipole model f
electrodynamically coupled spheres and outline a method
efficient solution of the coupled equations based up
conjugate-gradient~CG! and fast-Fourier-transform~FFT!
methods. In Sec. III we demonstrate that the solutions p
duced using the CG/FFT method are the same as the s
tions produced using slower direct methods. In Sec. IV
explore the range of validity of the coupled-dipole appro
mation for ordered and disordered arrays of 13 nm g
spheres. In Sec. V we summarize the properties of DN
linked nanoparticle materials that led us to develop the me
ods described here. In the final section, we discuss the a
cability of the methods to other materials.
7 © 2000 American Institute of Physics
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II. ELECTRODYNAMIC THEORY FOR AGGREGATES

A. Coupled nanospheres

The behavior of light incident on a macroscopic targe
governed by Maxwell’s equations for the electric and ma
netic vector fields. The general framework for modeling t
optical response of a collection of spheres involves a s
consistent solution of the response of each particle to
incident field and the scattered fields of the other partic
The response of individual spheres to the local field can
determined by decomposing the local field into vec
spherical harmonies and evaluating the response to each
tial wave.7,8 Mie9 solved the problem for dilute collections o
spheres by deriving the plane wave response of an isol
sphere. Spherical particles of nonmagnetic materials w
sizes much smaller than the wavelength of light respond
marily to the electric dipole component of the local field. F
isotropic materials, the frequency-dependent dipole pola
ability, a1 , is a scalar and is determined by the electric
pole scattering coefficient, a1 ,10 according to the
expression11

a15r 3
3i

2~kr !3
a1 , ~1!

wherer is the sphere radius,k5m0(2p/l) is the magnitude
of the wavevector in a dielectric medium with real refracti
index, m0 , and a1 is a function of the size parameter,kr,
and relative metal index of refraction,m5Ae/m0 . For very
small spheres, the bulk dielectric function must
corrected12 for scattering from the sphere surface~quantum
size effect!. Because, for these small spheres, the respons
higher-order components of the field is so small, rather de
collections of spheres are well defined by their dipole
sponse.

Therefore, except when the component nanospheres
very closely spaced~and higher than dipole components
the local field become extremely large!, the response of an
aggregate to electromagnetic radiation can be determine
a self-consistent solution of the electric dipole polarizatio
Pi , of each sphere in the superposed field of the incid
light and the dipole fields of the other particles. For a giv
dipole at position,r i ,

Pi5a•Eloc~r i !, ~2!

whereEloc(r i) is the sum of the incident plane wave,Einc,i

5E0 exp(ik•r i2 ivt) and the retarded fields

2A i j •Pj5
eikr i j

r i j
3 H k2r i j 3~r i j 3Pj !1

12 ikr i j

r i j
2

3@r i j
2 Pj23r i j ~r i j •Pj !#J , ~3!

of the otherN21 dipoles, anda is a polarizability tensor
with elementsakl5dkla1 . The dipole fields at locationi
depend upon the dipoles,Pj , as a function of the displace
ments, r i j 5r i2r j , between locationsi and j. Use of the
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retarded field expression eliminates the need for exp
modeling of the time dependence of the fields and polar
tions. Thus,

~a21!Pi1(
j Þ i

A i j •Pj5Einc,i . ~4!

The N linear complex equations for 3-vectorsPi and Einc,i

can be formulated as a single 3N-dimensional matrix equa
tion,

AP5Einc , ~5!

whereP andEinc are 3N vectors andA is a 3N33N sym-
metric matrix constructed from the 333 interparticle inter-
action matricesA i j , with additional terms,a1

21, along the
diagonal. Higher multipole couplings could also be include
However, as we illustrate in Sec. IV, for aggregates co
posed of fairly uniformly packed small spheres separated
distances that are substantial relative to the particle diame
they are not needed.

B. Iterative conjugate-gradient and fast-Fourier-
transform solution

Direct inversion of Eq.~5! is time consuming for targets
with large numbers,N, of spheres, since the computatio
associated with the matrix inversion scales asN3. Storage
requirements for the full (3N33N) complex matrix,A, may
also be prohibitive. Fortunately, an alternative approa
adopted for solution of a finite element form of the fre
space single particle scattering and absorption problem13 is
applicable to the many particle coupled dipole problem. F
lowing Draine,14 we use a special case of the conjuga
gradient~CG! scheme described by Petravic and Kuo15, to
solve Eq.~5! by iteration. Successive estimates of the pol
ization vector,P, are made by incrementing the prior es
mate through addition of a vector that isA-conjugate to all
earlier increments. The CG algorithm requires evaluation
matrix-vector products of the formAX andA†X, ~where the
X are vectors of position-dependent 3-tuples! but not the
individual components of the interaction matrix,A. Because
the elements of the interaction matrix depend only upon
interparticle vectors,r i j , and not the individual particle po
sitions, for a collection of particles on a lattice, each elem
of the vector,AX , is a discretized convolution. The lattice
doubled in each dimension so thatA andX can be regarded
as periodic, and the matrix-vector products are evaluated
multiplication of their discrete Fourier transforms. As in Re
6, we use a fast-Fourier-transform~FFT! technique16 to
speed the calculation of the matrix-vector products, ther
reducing the scaling of the computation fromO(N2) to be-
tweenO(NL ln(NL)) andO(NL

4/3) whereNL is the number of
lattice sites in a rectangular volume containing the occup
sites. The specific FFT algorithm is that of Brenner17 as
implemented in the DDSCAT code of Goodman, Draine, a
Flatau.6 Use of the FFT technique restricts particles to latt
locations. Our method is restricted therefore to ordered na
particle aggregates and disordered aggregates of the la
gas variety. The gain in efficiency is greatest for nanosphe
arrayed on simple cubic lattices. For nanospheres on a
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lattice, NL is at least 4N, as within the aggregate bounda
only one quarter of the sites of the simple cubic lattice
which the bcc array is constructed are occupied. The met
imposes no restrictions on aggregate shape, and size
straints follow only from the aforementioned scaling of co
putation with particle number.

C. Optical cross sections

Once the polarizations,Pj , are known, the extinction
cross section is computed using the expression14

Cext5
4pk

uEincu2 (
j 51

N

Im$Einc,j* •Pj%. ~6!

Each term provides the formal contribution of one particle
the forward scattering and, by means of the optical theor
to the aggregate extinction. Absorption is calculated as

Cabs5
4pk

uEincu2 (
j 51

N

$Im$Pj•~a j
21!* Pj* %2 2

3k
3Pj•Pj* %, ~7!

and scattering as the difference,Csca5Cext2Cabs.

III. VALIDATION OF THE FOURIER-TRANSFORM
TECHNIQUE

The fast-Fourier transform iterative conjugate-gradi
~CG/FFT! solution for aggregate particle polarizations w
tested by comparing the extinction spectra determined
particular model aggregates using polarizations calcula
with both direct and Fourier-transform methods. All agg
gates are composed of 13 nm gold spheres embedded
dielectric medium with the dielectric constant of water. C
culations were performed using gold dielectric functio
from the literature.18–21

Figure 1 displays extinction spectra for aggregates at
upper limits of density for colloid on a given lattice. Extinc
tion spectra for a simple cubic~sc! array of 552 13 nm
spheres forming a 132 nm spherical aggregate are illustr
in Fig. 1~a!. The colloid volume fraction is 0.52, which cor
responds to a lattice parameter equal to the particle diam
The dashed line is the extinction spectrum based on po
izations calculated using the iterative CG/FFT solution
Eq. ~5!. The solid line is the spectrum calculated using p
larizations determined by direct solution of Eq.~5!. The two
spectra are almost identical.

Figure 1~b! compares spectra for a body-centered-cu
~bcc! array of spheres arranged into a 118 nm spherical
gregate. As in Fig. 1~a!, the colloid volume fraction is the
upper limit for the given lattice, which for bcc is 0.68. As
Fig. 1~a!, the CG/FFT calculation yields the same spectr
as the direct calculation. The matching of Fourier-transfo
and direct solutions was achieved also for aggregates
lower colloid fractions that correspond to the fractions occ
ing in DNA-linked materials and for which the coupled
dipole approximation is accurate.

The constraint that particles be located on a cubic g
which is necessary for accurate representation of interpar
interactions in Fourier space, does not impose any restric
on the occupation of the lattice. Substitutional disorder, s
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as that of a lattice gas, does not preclude Fourier-space
lution of the polarization response. This was demonstra
by comparing extinction spectra for substitutionally diso
dered targets calculated using the FFT algorithm with spe
calculated from polarizations determined by a direct solut
of Eq. ~5!. Spectra for a disordered 156 nm target with go
volume fraction 0.2 are displayed in Fig. 2. The aggreg

FIG. 1. ~a! Extinction spectra calculated for a 132 nm spherical aggregat
13 nm gold spheres in a simple cubic array in water. Solid line repres
direct solution; dashed line is Fourier-transform solution.~b! Same as~a! for
a 118 nm spherical aggregate with a bcc structure.

FIG. 2. Extinction spectra calculated for a disordered 156 nm spher
aggregate of 13 nm gold spheres in water. Solid/dashed lines as in Fig
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model was generated from a defect-free bcc array by ran
deletion of 895 of the original 1243 spheres. As with t
defect-free targets, the FFT solution reproduces the di
solution.

Significant variation among the plasmon properties
the various aggregates can be seen by comparing the sp
in Figs. 1 and 2. Using an alternative theoretical treatme
we show elsewhere22 that the various features involve ma
netic as well as electric dipole contributions to the plasm
spectra. The aggregate-size and colloid-fraction depend
of the collective electronic response is also considered
Ref. 23.

IV. VALIDITY OF THE SINGLE DIPOLE
APPROXIMATION

The exact solution for the extinction of a sphere in
plane wave field is given by Mie theory.9 At wavelengths for
which the product,umukr, of the size parameter,kr, and the
relative refractive index,m, is much less than one, the e
tinction of an isolated sphere is accurately approximated
the electric dipole term, i.e., the first term in the spheri
harmonic expansion from which the Mie result is co
structed. For gold spheres in water, the electric dipole
scription of the optical response is quite accurate through
the visible range, for spheres 30 nm or smaller in diame
In the plasmon region, spheres as large as 100 nm are
sonably well modeled as dipoles.~Larger spheres approac
or exceed the Rayleigh limit,kr'1, and require higher-orde
interaction models.! However, a nanosphere in an aggreg
experiences an incident field which is not a plane wave fi
by virtue of the modulation of that field by the other particl
in the aggregate. When the separation between particle
large, only the dipole fields are significant. When the p
ticles are close together, the higher-order multipole com
nents of the local field become important. For a given na
sphere size and material and a given dielectric medium, th
is a lower limit to the interparticle spacings for which th
dipole approximation for nanospheres gives accurate vis
extinction spectra for the composite material. In this sect
we examine the validity of the dipole approximation f
modeling the extinction of aggregates of gold nanosphere
water.

A. Comparison of dipole calculations with exact
theory

The interacting dipole model was evaluated by comp
ing dipole calculations with calculations in which the nan
sphere response was modeled using as many multipole
required to obtain convergence of the aggregate extinc
for a range of wavelengths spanning the UV-visible sp
trum. The calculations were performed usingT-matrix
methods24 developed by Mackowski and Mishenko for clu
ters of spheres. An aggregateT-matrix with an aggregate
centered spherical harmonic basis is constructed from tr
formed single particleT-matrices. An orientation-average
extinction spectrum is calculated from the aggreg
T-matrix at each wavelength. While the method is efficie
for compact aggregates and particularly for spherical ag
gates~because their response is accurately described b
m
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relatively low-order spherical harmonic expansion!, the scal-
ing of the computation with particle number is sufficient
high order in particle number that we restrict our compa
sons to aggregates of less than 100 particles. All calculat
described here are for gold nanoparticles in water.

Initially, we compared dipole and multipole calculation
for ordered arrays of 30 nm gold nanospheres in wa
Among approximately spherical aggregates with bcc str
ture, a small fraction are particularly spherical by virtue
having a filled shell of surface particles. Among these is
89 sphere aggregate. Figure 3 displays extinction spectra
a 230 nm spherical aggregate composed of 89 spheres
separations of 15 nm~a radius! between spheres. The aggr
gate is 20% Au by volume and the aqueous medium is m
eled using a dielectric constant of 1.77. The extinction e
ciencies are averaged over all aggregate orientations rela
to the propagation direction of the incident radiation. In t
UV ~where the particle size parameter,kr, is greater than 0.4
and mkr, is somewhat larger!, the extinction is underesti
mated slightly when only the dipole interaction is include
In the visible range~wherekr is less than 0.4, butumu.1),
the dipole calculation closely matches the multipole calcu
tion and accurately reproduces the plasmon peak, whic
redshifted 35 nm from the plasmon of dispersed aqueous
nm Au spheres (lpeak5527 nm). The dipole calculation is
thus quite accurate for space-filling aggregates of sph
when the sphere size is below the Rayleigh limit and
particles are separated by a radius.

The accuracy of the coupled-dipole approximation, ho
ever, varies with interparticle spacing. To determine
range of spacings for which the coupled-dipole descript
accurately represents the optical response of ordered
nanoparticle aggregates, we calculated extinction spectra
denser versions of the 89-sphere aggregate, again using
coupled-multipole and coupled-dipole methods. The cal
lated plasmon peak shifts for these aggregates are plotte
Fig. 4. For particle separations of 0.8r , 0.6r , and 0.4r ~Au
volume fractions 0.25, 0.31, and 0.39!, the wavelength of the
aggregate extinction maximum is redshifted 46.5, 65.5,

FIG. 3. Extinction spectra for a spherical aggregate of 89 30 nm Au na
spheres in water. The aggregate is 230 nm in diameter. The sphere
arranged in a bcc array with 15 nm between nearest neighbors. Dotted
~¯! is the spectrum calculated using an interacting dipole model of
coupled spheres. Solid line~—! is the coupled multipole solution.
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94.4 nm, respectively, from the dispersed particle plasm
peak. The dipole calculations underestimate the peak s
by 3%, 5%, and 8%, respectively. As expected, the accur
of the coupled-dipole approximation decreases as the in
particle spacing decreases. However, the error growth
quite gradual, and the error in the plasmon peak shift is
than 10% for spacings as small as 0.4r . For 1% accuracy in
the plasmon peak location at this spacing, poles up to he
decapole must be included in the description of each 30
Au sphere.

The scaling of the accuracy of the dipole approximat
with particle size was investigated by repeating the partic
spacing dependent analysis with aggregates of sm
spheres. Extinction spectra were calculated at both the di
and multipole levels for an 89 sphere aggregate of 13
spheres for a variety of particle separations. The plasm
peak shifts of the small-sphere aggregates as a functio
radius-normalized interparticle separation are plotted in F
4 ~below the results for aggregates of 30 nm particles! and
listed in Table I. As for the aggregates of 30 nm spheres,
sets of peak shifts are shown in Fig. 4, one calculated u
a full interaction model, and the other based on the coup
dipole approximation. The coupled-dipole results for t
plasmon peak location are accurate to within 1% for partic
separated by 0.8r ~5.4 nm! or more, but underestimate th
peak shifts by 6% and 9% when the particle separations d
to 0.6r and 0.4r ~3.9 and 2.6 nm!, respectively. Thus, while
the relative peak shift errors for spherical aggregates of
nm spheres are smaller than those for aggregates of 30
spheres at spacings less than or equal to 0.8r , at smaller
spacings the relative errors are comparable for aggregate
particles of either size when the Au volume fraction is t
same.

The success with which ordered aggregates compose
closely spaced nanospheres are modeled as coupled di
cannot be assumed to carry over to disordered aggregate

FIG. 4. Plasmon peak shifts associated with formation of an 89-sp
aggregate of 30 or 13 nm Au spheres as a function of the radius-norma
interparticle separation (s/r ) within the aggregate. Exact peak shifts a
identified using filled circles. Peak shifts determined using approximate
culations in which the intersphere couplings are approximated as dip
dipole interactions are identified using open circles. The spherical ag
gates are composed of nanospheres arranged on a bcc lattice. The m
has a dielectric constant of 1.77. Au volume fraction varies from 0.39~for
s/r 50.4) to 0.13 (s/r 51.45).
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disordered arrays, the fields vary from particle location
particle location as a function of the local microstructure a
fluctuations in the polarizations of nearby particles. We o
serve, however, that lattice-gas aggregates of spheres~aggre-
gates modeled as spheres arrayed on a lattice with ran
vacancies! require higher-order interaction models if an
only if the minimum sphere separation is a small fraction
the particle size. Our conclusion is based upon an evalua
of the error associated with neglect of higher-than-dipole
teractions for several disordered arrays of gold sphere
water. For comparison with the ordered aggregates discu
above, we again used 89-sphere aggregates of 13
spheres. The disordered aggregates have vacancy le
varying from 0.21 to 0.47, but identical Au volume fraction
~0.2!. In a given aggregate, the minimum spacing betwe
particles is characteristic of the defect-free bcc lattice fr
which the vacancy structure was derived. As in our eval
tion of dipole modeling of ordered aggregates, extincti
spectra calculated using the coupled dipole model were c
pared with spectra calculated using all higher-order inter
tions necessary to converge the spectra. Results are pres
in the lower half of Table I for three arrays, with minimum
separations varying from 0.8r to 0.4r . While these aggre-
gates have lower metal fraction than ordered arrays with
same minimum separation, the plasmon peak shifts are c
to those of smaller, ordered arrays with the same numbe
nanoparticles and same minimum separation.

As with ordered aggregates, the errors associated w
neglect of high-order interaction grow as the spacing
tween nearest-neighbor particles decreases. The fractiona
ror in the plasmon peak location relative to that of unagg
gated colloid is negligible for arrays in which the sphe
separation is greater than a particle radius, but grows to
for spheres separated by 0.8r , 14% for spheres separated b
0.6r , and 19% for spheres separated by 0.4r . Thus, for dis-
ordered aggregates, the fractional errors associated with

re
ed

l-
–

e-
ium

TABLE I. Errors associated with use of the dipole approximation in t
location of the plasmon peak extinction for spherical aggregates of 89 13
Au spheres as a function of minimum interparticle spacing. Peak shifts
relative to the wavelength~525 nm! of the plasmon peak of an isolated 1
nm sphere. All calculations are for particles in a medium with dielec
constant 1.77. Accurate peak shifts are calculated using a multipole des
tion of the particle polarizations and fields. Peak shift errors are differen
between results of dipole and multipole calculations, expressed as a per
age of the accurate~multipole! peak shifts. Among aggregates with the sam
number of particles and the same minimum interparticle separation, d
dered arrays are larger and have lower metal fraction than ordered arr

Interparticle
spacing

Au volume
fraction

Plasmon
peak shift

Shift error
using dipoles

Ordered arrays
9.5 nm~1.46r! 0.13 7.3 nm ¯

6.5 nm (1.0r ) 0.20 9.5 nm 0.9%
5.4 nm (0.82r ) 0.25 11.3 nm 1%
4.0 nm (0.6r ) 0.31 15. nm 6%
2.8 nm (0.4r ) 0.39 19. nm 9%

Disordered arrays
5.0 nm (0.78r ) 0.20 11.5 nm 7%
4.0 nm (0.6r ) 0.20 13.6 nm 14%
2.8 nm (0.4r ) 0.20 17.8 nm 19%
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glected interaction orders are more than twice as large as
errors ~1, 6, and 9%! observed for ordered aggregates w
the same particle separation, as documented in Table I,
though the plasmon shifts themselves are comparable w
the minimum separations are the same. When compared
the error~,1%! for an ordered array with the same me
volume fraction~0.2!, the errors associated with dipole mo
eling of substantially disordered arrays are more than an
der of magnitude larger. Thus, while the correspondence
tween errors in ordered and disordered arrays is weak,
importance of including higher-order interactions in mod
of lattice-gas aggregates appears to correlate more clo
with minimum separation than with metal fraction. This is
reasonable consequence of the distance dependence o
various interaction orders, dipole interactions being lon
ranged and higher-order interactions increasingly sh
ranged.

B. Discussion

From these comparisons we conclude that the opt
extinction of spherical aggregates of small gold nanopartic
is accurately represented using coupled-dipole interact
when the particles are separated by a substantial fraction
particle radius. The lower limit for nearest neighbor sepa
tions that keeps plasmon shift errors below 10% is 0.4r for
ordered arrays. For disordered arrays errors develop at la
separations. In the examples examined here, 10% error
characteristic of disordered arrays with minimum separati
of approximately 0.7r . Below these limits, higher-order mu
tipoles induce significant additional polarizations in th
nearest neighbors.

The accuracy of the dipole description of DNA-linke
nanoparticle networks is dependent, therefore, on the in
particle separations enforced by the oligonucleotide coat
X-ray diffraction data4 collected at small angles for linked 1
nm particles indicates a center-to-center distance of 20.5
corresponding to a separation of 0.93r , for the shortest~24
base pair! standard linker. The dipole model can thus
expected to provide a more or less accurate description o
plasmon peak location depending on the range of orde
the linked material, with an error of a few percent for t
most disordered material.

Other theoretical studies25–27 of the dielectric properties
of disordered metal dielectric composites have revealed
simplification of the interparticle interaction that deriv
from the presence of an exclusion region around each
ticle. Prior to these, Lamb, Wood, and Ashcroft28 discussed,
conversely, that multipole effects in low inclusion fractio
disordered systems of unprotected particles derive from
occurance of closely approaching particles within the ma
rial.

Because our primary interest is in three-dimensional
gregates, we have not explored the accuracy of the dip
approximation for lower-dimensional structures. However
the level of electrostatics, this has been done by Claro29 who
found that the coupled-dipole description of infinite 1D a
2D arrays is comparably accurate to that of 3D arrays.
contrast, in those few-particle arrays where quadrupole e
tations do couple strongly to the dipole response, inacc
he
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cies appear in dipole models at separations larger than
separations found to be critical for dipole models of extend
structures. Electrodynamic analyses of silver nanoparticl30

confirm the importance of higher-order couplings for pairs
particles with edge-to-edge separations less than one ra

V. APPROPRIATENESS OF THE METHOD FOR
MODELING DNA-LINKED ASSEMBLIES

The large aggregate calculations described here use
FFT methods to solve the coupled-sphere problem at
coupled-dipole level. The methods were chosen because
efficiently provide accurate descriptions of the linear opti
response of DNA-linked nanosphere materials. Although
DNA-linked materials have substantial metal fractions, th
possess properties that greatly reduce the complexity of
teractions between component particles. Firstly, the g
nanoparticles are much smaller than visible waveleng
~300–700 nm!. Secondly, the DNA coating separates pa
ticles of the standard size~12–16 nm! by distances on the
order of a particle radius. Thirdly, because DNA hybridiz
tion is not only energetically favored but also reversible, a
nealing drives the network materials to ordered structu
that maximize the number of DNA links. Even when diso
der is present~e.g., when aggregates are formed at tempe
tures significantly below the melting temperature, or anne
ing results in only short range order!, the DNA exclusion
layer greatly constrains the magnitude of the effects of d
order on interparticle interactions. The combined effect
small particle size, substantial particle separations, and
form density eliminate the need to model interactions hig
in order than the dipole interactions modeled here.

The use of two groups of nanoparticles each with a d
ferent oligonucleotide coating facilitates the modeling in a
other way. When aggregates are formed by sequence-spe
hybridization that links particles functionalized with one o
gonucleotide only to particles functionalized with a differe
oligonucleotide, binary structures are formed. Bod
centered-cubic structures, which among binary structu
have the highest nearest-neighbor number~8! and, therefore,
the largest number of DNA links per particle, are favore
Close-packed structures, which provide an average of
complementary nearest neighbors are disfavored. The ex
sion of hexagonal close-packed and random close-pac
structures allows for the use of methods that are applica
only to cubic lattice materials.

VI. CONCLUSION

We have demonstrated that efficient conjugate-grad
and fast-Fourier-transform methods can be used to calcul
the optical response for large aggregates of small na
spheres. While CG/FFT methods are used routinely
electromagnetics,31 and have recently been used to model t
scattering of grains in space,6 we are not aware of their use i
models of composite media. Use of the CG/FFT meth
greatly reduces the computational and memory requirem
of the coupled particle problem.
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In this work we use CG/FFT methods to solve t
coupled-sphere problem at the coupled-dipole level. Wh
the method could be extended to include higher-order in
actions in the intersphere coupling, the added comple
appears not to be warranted for the DNA-linked nanosph
materials in which we are interested.

Because the validity of our simple modeling scheme i
consequence of the special properties of materials assem
with DNA-direction, the approach is not directly extendab
to many other materials. Particles that interact nonspe
cally and bind irreversibly typically form fractal aggregate2

that lack the properties that render dipole models accurate
DNA-linked materials. For these other materials, coupl
dipole models that use single particle polarizabilities deriv
from Mie theory32 are only accurate if the particles them
selves are of materials that have low levels of polarizabi
at the frequencies of interest. Reasonable accuracy ca
achieved for fractal aggregates of metal particles with
coupled dipole treatment only by replacing the single part
polarizability derived from Mie theory with alternative d
pole polarizabilities that take into account the higher-or
interactions, or otherwise renormalizing the particle-parti
interaction. More and less sophisticated methods of acc
plishing this give results with varying levels of accurac
Chen and Sheng33 have modeled fractal aggregates of go
nanoparticles using anisotropic polarizabilities that are
hanced along the axis that connects a given particle with
nearest neighbors. They have developed rigorous meth
for calculating the polarizabilities of cylindrical particles
infinite one-dimensional chains, and comparably accu
means could be employed to calculate polarizabilities
spherical particles in finite three-dimensional chainlike str
tures. While particles in a fractal aggregate could be assig
particle-specific anisotropic renormalized polarizabilities
cording to the local structure, the model would loose ac
racy if a lattice gas structure was imposed so as to allow
Fourier-space solutions. Markel and Shalaev34 have adopted
a method introduced by Singham and Bohren35 in which the
lattice on which the nanoparticles are arrayed is compres
to a lattice constant smaller than the particle diameter so
the coupled dipole interaction is enhanced to reflect high
order interactions in an approximate fashion.

Materials composed of metal nanoparticles with diel
tric coating layers, however, are promising candidates
direct application of the coupled-dipole modeling metho
described here. If the exclusion layer is thick enough so
quadrupole interactions between the metal cores are n
gible, the interactions become primarily long-ranged, and
dielectric properties of the material become less sensitiv
details of the composite microstructure.

In a separate paper,23 we use the method described he
to model large arrays of gold nanospheres with the goa
illuminating the structural basis for changes in UV-visib
optical properties observed upon DNA-directed nanopart
assembly.

ACKNOWLEDGMENTS

We thank P. Flatau, B. Draine, and J. Goodman for
of their DDA codes which provided a basis for our coupl
e
r-
ty
re

a
led

fi-

or
-
d

y
be
a
e

r
e

-
.

-
ts
ds

te
r
-
ed
-
-
r

ed
at
r-

-
r

s
at
li-
e
to

f

le

e

nanosphere code and the machinery for efficient calcula
of dipole polarizations. We thank D. Mackowski and M
Mishenko for use of theirT-matrix codes which enabled u
to calculate aggregate optical response at converged or
of multipole interaction. This research was supported
ARO Grant No. DAA G55-97-1-0133 and by NSF Grant N
CHE-9871903.

1C. A. Mirkin, R. L. Letsinger, R. C. Mucic, and J. J. Storhoff, Natu
~London! 382, 607 ~1996!; J. J. Storhoffet al., J. Am. Chem. Soc.120,
1959 ~1998!.

2D. A. Weitz and M. Oliveria, Phys. Rev. Lett.52, 1433 ~1984!; D. A.
Weitz, J. S. Huang, M. Y. Lin, and J. Sung,ibid. 54, 1416 ~1985!; C.
Douketis, Z. Wang, T. L. Haslett, and M. Moskovits, Phys. Rev. B51,
11022~1995!.

3J. J. Storhoff, R. C. Mucic, C. A. Mirkin, and R. L. Letsinger~unpub-
lished!.

4A. A. Lazarides, J. J. Storhoff, C. A. Mirkin, and G. S. Schatz~unpub-
lished!.

5P. C. Ohara, D. V. Leff, J. R. Heath, and W. M. Gelbart, Phys. Rev. L
75, 3466 ~1995!; H. Mattoussiet al., Phys. Rev. B58, 7850 ~1998!; S.
Connolly, S. Fullam, B. Korgel, and D. Fitzmaurice, J. Am. Chem. S
120, 2969~1998!; R. L. Whettenet al., Acc. Chem. Res.32, 397 ~1999!.

6J. J. Goodman, B. T. Draine, and P. J. Flateau, Opt. Lett.16, 1198~1991!.
7L. Tsang, C. Mandt, and K. H. Ding, Opt. Lett.17, 314 ~1992!.
8Y. M. Wang and W. C. Chew, inIEEE Antennas and Propagation Socie
International Symposium~Institute of Electrical and Electronics Engi
neers, New York, 1992!, Vol. 3, pp. 929–932.

9G. Mie, Ann. Phys.~Leipzig! 25, 377 ~1908!.
10C. F. Bohren and D. R. Huffman,Absorption and Scattering of Light by

Small Particles~Wiley, New York, 1983!, p.101.
11W. T. Doyle, Phys. Rev. B39, 9852~1989!.
12W. A. Kraus and G. C. Schatz, J. Chem. Phys.79, 6130~1983!.
13B. T. Draine and J. Goodman, Astrophys. J.405, 685 ~1993!.
14B. T. Draine, Astrophys. J.333, 848 ~1988!.
15M. Petravic and G. Kuo-Petravic, J. Comput. Phys.32, 263 ~1979!.
16J. W. Cooley and J. W. Tukey, Math. Comput.19, 297 ~1965!.
17N. M. Brenner, IEEE Trans. Audio Electroacoust.AU-17, 128 ~1969!.
18For wavelengths up to and including 500 nm, the dielectric values

Johnson and Christy~Ref. 19! were used. For wavelengths longer tha
500 nm, the dielectric values of The`ye ~Ref. 20!, as presented by Palik
~Ref. 21! were used.

19P. B. Johnson and R. W. Christy, Phys. Rev. B6, 4370~1972!.
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