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Cyclization of a polymer with charged reactive end groups
J. Stampea) and I. M. Sokolov
Universität Freiburg, Theoretische Polymerphysik, Hermann-Herder Straße 3, D-79104 Freiburg, Germany

~Received 19 April 2000; accepted 19 December 2000!

We calculate the cyclization ratek(t) of a single polymer chain with charged end groups, where
cyclization takes place with probability of one when the ends approach each other at a distance
smaller than the reaction radiusR. Using Monte Carlo simulations in a kink-jump model we show
that the long-time asymptotic value ofk for longer chains and attractive Coulomb interaction does
not depend onR, but depends strongly on the Onsager radius, which characterizes the strength of
electrostatic interaction. This result relies only on the large-scale behavior of the chain and is
reproduced within a simple harmonic-spring approximation. The harmonic-spring model leads to a
diffusion equation which is solved numerically. The solution for long chains is confirmed with
analytical approximations. ©2001 American Institute of Physics.@DOI: 10.1063/1.1348273#
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I. INTRODUCTION

Polymer reactions have been of considerable interes
chemical physics for many years. Termination reactions
radical polymerization, excimer formation and quenching
fluorescent dyes on polymers,1–10 reactive blending of two
immiscible polymer phases11 and polymer reactions unde
shear flow12 have been investigated both experimentally a
theoretically to understand both the reaction dynamics
the polymer dynamics itself. Conceptually, polymer cycliz
tion is especially important, since it allows the study of t
reaction process without approximations for the mutual
fluence of different chains. The cyclization reaction of u
charged chains has been extensively explored. Dependin
the physical situation, different models for polymer dyna
ics have been applied, for example, Rouse-like mod
with and without excluded volume or hydrodynam
interactions2,4,6,9,10 and the reptation model.7 On the other
hand, little attention has been paid to the fact that in ma
cases these reactions take place between units which
strongly charged. Here we consider the simplest situat
the purely diffusion-controlled ring closure reaction of
single flexible polymer chain bearing electrically charged
active end groups, which moves in a concentrated solutio
melt of uncharged chains~so that no electrostatic screenin
takes place!.

We assume that the cyclization reaction takes place w
probability one when the end groups approach each othe
a distance smaller than the reaction radiusR.5,13,14The quan-
tity of interest is the fractionc(t)5N(t)/N(0) of the chains
still unclosed up to the timet, whose decay is described b
the cyclization ratek(t):

dc~ t !

dt
52k~ t !c~ t !. ~1!

In a typical case, after a short transient, the value ofk(t)
stagnates:k(t)→k`, and this value determines the overa
reaction kinetics. This value will be of most interest in o
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present article. To have a microscopic basis for our inve
gation, we first simulate the cyclization of a polymer wi
oppositely charged reactive ends in the off-lattice kink-jum
model,15,16 whose dynamics are Rouse like. The long-tim
reaction rate in Rouse systemskR

` is in the uncharged cas
known to be asymptotically independent of the reaction
dius R for long chains and not too smallR’s.2,4 This fact is
connected to the compact exploration of the reaction volu
by reacting ends, a fact due to the small-scale modes
Rouse motion. In our simulations we find that for chains w
moderate and large root mean square~rms! end-to-end dis-
tanceL ~say, L5A^r 2&*A30R) and relatively small bond
length b ~in our simulations we tookb5R/2) the R depen-
dence of the cyclization rate of the uncharged chain is re
rather weak. On the other hand, under attractive Coulo
interaction of moderate strength the reaction ratekR

` becomes
fully independent of the reaction radiusR, but depends
strongly on the Onsager radiusr c characterizing the strengt
of Coulomb interaction. This leads us to the conclusion t
sufficiently strong Coulomb attraction makes the small-sc
modes of the chain unimportant for the reaction kineti
which are thus determined only by large-scale motion.
Sec. III we show that the behavior found for strong enou
interaction can be explained by the harmonic-spr
model,2,3,8,9where only the longest Rouse mode is taken in
account. We perform a numerical calculation of the result
diffusion equation for a broad range of parameters a
present a simple analytical solution for the charg
harmonic-spring model in the limit of long chainsR/L→0.

II. MONTE CARLO SIMULATION OF ROUSE
DYNAMICS

The Rouse model is the widely used basic model for
dynamics of polymers in concentrated solutions or melt17

Its dynamical properties are reproduced well by the o
lattice kink-jump algorithm.15,16Using this algorithm we per-
formed a Monte Carlo simulation of a chain with opposite
charged reactive ends while the environment of the ch
was assumed to be uncharged. Hydrodynamic and exclu
3 © 2001 American Institute of Physics

t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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volume interactions were neglected. A bead rod chain c
sisting ofN11 beads, which are connected by rigid bonds
lengthb, moves by rotating a randomly chosen inner bead
a randomly chosen angle around the connection line betw
the two neighboring beads or by randomly choosing a n
direction for one or the other end bond. In the motion of t
end beads we additionally included a Metropolis prescript
taking into account the difference in the Coulomb poten
UC(r ) before and after a possible move as the difference
the energy.18 That means that moving of the end is alwa
accepted, if it leads to a decrease in the potential energy,
is accepted with probability exp(2DUC /kBT) ~here kB de-
notes the Boltzmann constant!, if the potential energy of in-
teraction is increased by an amountDUC . The Coulomb
interaction between the chain’s ends is

UC~r !5
Q1Q2

4pe0er
5

r c

r
kBT, ~2!

whereQ1 andQ2 are the electrical charges of the chain en
ande is the permittivity of the solution or melt. The streng
of the Coulomb interaction is characterized by the Onsa
radius r c5Q1Q2 /(4pe0ekBT). For end-to-end distance
smaller thanur cu the absolute value of the Coulomb intera
tion exceeds the thermal energykBT ~and thus the chain
dynamics are more influenced by the electrical charges
by diffusive motion! while at r @ur cu the influence of elec-
trostatic interaction becomes negligible. The Onsager ra
is positive for repulsive Coulomb interaction and negat
for attractive Coulomb interaction.

Since the initial condition influences only the transie
and does not affect the value ofkR

` , in our simulations it was
chosen for the the sake of simplicity to follow an equilibriu
configuration of a chargeless chain, i.e., a random w
Then the chain was left to evolve according to its kink-jum
Metropolis dynamics until its ends came closer together t
the reaction radiusR. The fraction of uncyclized chains as
function of time was determined from typically 2000~up to
12 000! realizations for each set of parameters. The Mo
Carlo time step~MCS! corresponds to the time after whic
each monomer has attempted one move on average.16 The
long-time reaction constant was found by linear regressio
log@c(t)#. In Refs. 9 and 10 the mean reaction time of t
two ends of an uncharged Rouse chaint̄ 5*0

`c(t)dt'1/kR
`

~Ref. 8! ~for long chains! was already investigated by mo
lecular dynamics and Monte Carlo simulations. To comp
these results with the ones of the present simulations
need to know the Rouse timetR , which can be obtained
from an independent simulation of the diffusion of the cen
of mass of the chain,RG(t). The diffusion constantD0 of
one bead of the Rouse chain is then given by

D05~N11!S lim
t→`

^~RG~ t !2RG~0!!2&
6t D .

On the other handD05v0b2, wherev0 is a model-specific,
b-independent microscopic jump frequency,5 which in our
case isv050.1686MCS21. The Rouse timetR is then
Downloaded 28 Mar 2001 to 199.98.105.63. Redistribution subjec
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~N11!2

3p2v0

5const
1

kR,WF
`

, ~3!

wherekR,WF
` is the Rouse cyclization rate in the approach

Wilemski and Fixman.2,4

For b>R cyclization rates in our model~for r c50) are
R dependent~a fact already reported in Refs. 9 and 10!. To
include the effect of the small-scale fluctuations we cho
in the following b5R/2. For R51 our rates are then 18%
(L2530) and 7% (L25100), respectively, higher than thos
from the Brownian dynamics simulation withb5R in Ref. 9
(L25Nb2 for the Rouse chain!, so our model yields quite
accurate results despite the rigid bonds.

We consider now the reduced long-time cyclization ra

KR
`5tRkR

` . ~4!

We made simulations forL2530 with R50.5 (b50.25) and
R51 (b50.5) to reveal theR dependence ofKR

` ; further-
more we choseL2560 and 100 withR51 (b50.5) to find
the r c dependence of the rate. Since the computation t
increases withN faster thanN3, we refrained from simula-
tion of longer chains; the results show a clear tendency
even longer chains to behave similarly.

Our simulations reveal the practical independence ofKR
`

on the reaction radiusR of the chain. In Table I the values o
the quotient of the rates at different reaction radiiQR

5KR
`(R50.5)/KR

`(R51.0) withL2530 are presented. Eve
though these chains are not too long andb is still not orders
of magnitude lower thanR, all QR’s are of the order of unity.
For the uncharged chains, this fact has been known in the
for a long time: for the Rouse chain the long-time cyclizati
ratekR

` becomes independent of the reaction radiusR, since,
due to fast small-scale motion, the end of a Rouse ch
explores compactly a volume around the chain’s other en4,5

This leads to the fact that forr c50 the dimensionless rat
KR

` becomes anL-independent constant@see Eq.~3!#, i.e., the
problem is essentially parameterless.

The mechanism of compact exploration due to the sm
scale fluctuations, which makesKR

` independent ofR for r c

50, does not govern the reaction dynamics forr c,0. One
could assume that for strong enough attractive Coulomb
teraction the value ofur cu ~playing the role of an effective
capture radius! appears in the reaction rate instead ofR, as is
typically the case in reactions between discrete charged
ticles. In this case one would anticipate thatKR

` is indepen-
dent of r c as it was independent ofR in the interaction-free
case. The simulations show that such an assumption doe
hold. This can be seen from Fig. 1, whereKR

` as function of
r c is plotted for different chain lengths (b50.5,R51).
Without charges the reduced rates from the simulations
in fact nearly equal. On the other hand, in the case of att
tive Coulomb interaction,KR

` is a linear function ofr c . The

TABLE I. Quotient QR5KR
`(R50.5)/KR

`(R51.0) ~kink-jump model! for
L2530 for different values of Coulomb interaction.

r c50 r c521 r c522 r c523

0.8260.04 0.8960.04 1.0060.02 0.9860.03
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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slopes of the regression lines~20.213,20.161 and20.117
for L2530, 60 and 100! are compatible with the assumptio
that the slope goes asL21, so that the dependence ofKR

` on
the effective radius does not vanish.

Thus the behavior of the oppositely charged react
polymer is determined primarily byr c andL and not by the
local scalesR or b ~as long asb!R), i.e., it is characterized
by dominance of large-scale behavior. As we proceed
show, the harmonic-spring model, which takes into acco
only the large-scale behavior of the chain, may be suffici
to explain these results.

III. HARMONIC-SPRING MODEL APPROACH

The Rouse chain consists ofN11 beads connected byN
springs and describes the dynamics of a polymer chain o
scales from the bond length to the end to end distance.
harmonic-spring model consists of two beads connected
one spring and though contains only the longest Ro
mode. Consequently the reaction behavior~where the reac-
tion radius R,L comes into play! of the uncharged
harmonic-spring chain is vastly different from that of th
long Rouse chain~where the long-time reaction constant
independent ofR, as described in Sec. II!. Thus, in Ref. 3 it
was found that the long-time asymptotic of the cyclizati
rate in the harmonic-spring model goes ask`;R/L in the
limit of R/L→0, in contrast to the Rouse case. On the ot
hand, as we proceed to show, this model is quite adequat
the case in which the Coulomb attraction between the ch
is strong enough.

Let us fix the origin of coordinates on one end of t
chain and consider the probability of the other end~termed a
particle! is found at distancer from the origin. In the sim-
plest model this motion can be considered as diffusion o
particle in an external potentialU(r ), consisting of the free
energyF(r ) of an uncharged chain~as a function of its end-
to-end distancer ) and of the Coulomb interaction, Eq.~2!.
For a Gaussian chainF(r ) corresponds to a harmonic pote
tial F(r )5kr 2/2 with the ‘‘spring constant’’k53kBT/L2.
Thus the potentialU(r ) can be put into the form,

FIG. 1. Reduced long-time reaction rateKR
`5tRkR

` ~kink-jump model, with
R51) as a function of the strength of the Coulomb interactionr c for dif-
ferent chain lengths.
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U~r !5F~r !1UC~r !5
3kBT

2L2
r 21

r ckBT

r
. ~5!

The single-chain cyclization is a two-particle reaction pro
lem, for which the Smoluchowski approach to a reacti
holds.13 Thus, the relative number of uncyclized chainsc(t)
is equal to the probability that the reacting end stays outs
of the reaction sphere all the time, and that the reaction
k(t) equals the flux of reacting particles on the reacti
sphere. The overall number of uncyclized chains is th
given by

c~ t !5
1

4pE d3rr~r ,t !, ~6!

wherer(r ,t) is the probability density that the end to en
vector at timet is equal tor . This probability density satis-
fies the Smoluchowski equation in the potentialU:17

]r

]t
5D¹S ¹r1

1

kBT
~¹U !r D , ~7!

under the absorbing boundary conditionr(r ,t)u ur u5R50.
HereD5kBT/z52D0 is the mutual diffusion constant of th
chain ends andz the friction coefficient. Using the spherica
symmetry of the problem one can rewrite Eq.~7! in the form,

1

D

]r

]t
5

]2r

]r 2
1S 2

r
2

r c

r 2
1

3r

L2D ]r

]r
1

9

L2
r, ~8!

with the boundary condition

r~R,t !50. ~9!

We take the system at the beginning to be in thermal eq
librium, so that the initial condition forr corresponds to a
Boltzmann distribution:

r~r ,0!5A exp~2U~r !/kBT!,

with

A5
1

4p*R
`drr 2 exp~2U~r !/kBT!

. ~10!

For the numerical solution the diffusion problem can be
duced to a finite interval by noticing that the particles’ de
sity in a harmonic potential at larger distances decays so
@essentially asr;exp(23r2/2L2)] that a reflecting outer
boundary condition can be posed at a distancer max suffi-
ciently larger thanL. This condition would read

]r

]r
1S 2r c

r 2
1

3r

L2D rU
r 5r max

5
1

D
jU

r 5r max

50. ~11!

Values ofr max in the range of 3 – 4L are typically sufficient.
The diffusion problem, Eqs.~8!–~11!, is solved numerically
for fixed kBT51 andz51 using the Crank–Nicholson algo
rithm, which is well suited for parabolic equations. This is
semi-implicit scheme, in which the derivatives ofr with re-
spect tor in Eq. ~8! are evaluated as the mean of the deriv
tives with respect tor at two succeeding time stepsnDt,
(n11)Dt.19 The concentration at the reflecting outer boun
ary was evaluated only at time (n11)Dt. In our calculations
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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we investigated the influence of the Onsager lengthr c on the
behavior of the cyclization rate. The chain lengthL ~entering
through the spring constantk) was also varied. All calcula-
tions were made for two different values of the reaction
dius, R51 and 0.3. To compare our results for differe
chain lengths we introduce the reduced time,

t5
t

tL
, ~12!

where tL5L2/(6D) is a characteristic diffusion time. Th
time tL in Eq. ~12! has a similar meaning astR in Eq. ~3!.
Note, however, that for our choice of parameterstL and tR

are very different, so the absolute values of the ratesKR
` and

K` in the Figures cannot be compared. The dimension
cyclization rateK(t)5(t/t)k(t)5tLk(t) can then be found
according to Eq.~1! as a logarithmic derivative ofc(t) in
Eq. ~6!:

K~t!52tL

dc/dt

c
'2tL

c~ t1Dt !2c~ t !

cDt
.

This method is more accurate for the Coulomb case t
determining the reaction rate by calculating the flux throu
the surface of the reaction sphere~where the potentia
changes are huge!; this second method was still used f
control.

In Figs. 2~a! and 2~b! the cyclization rateK(t) is plotted
as a function of the reduced timet for different cases~with
and without attractive Coulomb interaction, for two differe
values ofR and for different chain lengths!. All curves show
qualitatively the same behavior: after a steeply decrea
transient in the beginning the cyclization rate tends toward
constantK`. Thus, for longer times an exponential decay
c sets in.

Let us now focus on the behavior ofK` as a function of
R, r c and L. In Fig. 3 K` is plotted as function ofr c for
r c,0 and for different chain lengths. For longer chains a
stronger Coulomb attraction the behavior ofK`}r c is evi-
dent, similar to our findings for the Rouse model, Fig. 1.
reveal theL dependence ofK`, we plot in Fig. 4K` as a
function of 1/L. For uncharged chains we have the behav
K`}L21, exactly like the findings in Ref. 3. For attractiv
Coulomb interactionK`}L21 might still be valid for long
chains.

We now turn to the results for theR dependence ofK`.
In Table II we compare the results for the two different v
ues ofR by presenting the values of the quotientQ5K`(R
50.3)/K`(R51.0) for different values ofL and Onsager
radiusr c . In the noninteracting case (r c50) the value ofQ
approaches 0.3/1.050.3 forL large. This confirms the result
of Ref. 3, whereK` was shown to be proportional toR/L for
R/L small. ForR50.5 and 1.0, respectively~the values of
the QR calculation in Table I!, Q would be still smaller than
0.5 for r c50. For r c523 the value ofQ tends towards a
number close to 1 for increasing chain lengthsL: as we
already saw in the kink-jump simulation, if the Coulom
interaction is attractive and not too weak (r c /R!21), the
Onsager lengthr c acts as an effective capture radius; if t
distance between the two reactive groups is smaller thanur cu,
they become attracted and thus react nearly independe
Downloaded 28 Mar 2001 to 199.98.105.63. Redistribution subjec
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R. Let us mention that forrepulsive Coulomb interaction
(r c53) the opposite is the case: The cyclization rate is
tremelyR dependent, since the particles have to overcom
potential barrier which is higher and thicker, the larger t
Onsager radius is compared to the reaction radiusR. Thus,
for attractive Coulomb interaction that is strong enough
reaction rates in the Rouse and in the harmonic-spring m

FIG. 2. ~a! Time dependence (t5t/tL) of the reduced reaction rateK
5tLk ~harmonic-spring model! without Coulomb interaction (r c50) for
different chain lengths. The two reaction radii areR51 ~solid lines! and 0.3
~dashed lines!. ~b! Same as~a!, but with attractive Coulomb interaction
(r c523).

FIG. 3. Reduced long time reaction rateK`5tLk` ~with R51) in the
harmonic-spring model as a function of the strength of the Coulomb in
action r c for different chain lengths.
t to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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els behave in a similar way; the reaction rate can then
viewed to good approximation as determined only by
longest Rouse mode.

The behavior of the cyclization rate found numerica
can be qualitatively explained for long chains within
simple analytical picture similar to one employed in Ref
for the uncharged case. Thus, the role of an entropic fo
reduces to confining a particle at a distancer &L from the
origin. Then, according to a result in Ref. 20, the long-tim
first-order cyclization rate within the limit of long chains
connected to the steady state second-order reaction ratK2

`

of a reaction centerA fixed at the origin with particlesB
spread within a confining sphere with the constant den
nB.L23. As an approximation one can takenB

.1/@(4p/3)L3#. The fractionc of unclosed chains is pro
portional to the density of reaction centers of particles
type A, which is governed by14

dnA /dt52K2
`nA~ t !nB .

A comparison with Eq.~1! yields

K`5K2
`nB.K2

`
3

4pL3
,

R

L
→0. ~13!

The values for the second-order reaction rateK2
` are known:

for the uncharged chains the Smoluchowski resultK2
`

54pDR holds,13 and for charged particles one has the D
bye solution K2

`54pr cD/@exp(rc /R)21#.21 Thus, for
charged chains, Eq.~13! reads

FIG. 4. L dependence of the reduced long-time reaction rateK`5tLk` in
the harmonic-spring model. The solid line corresponds to the case wit
Coulomb interaction (r c50), and the dashed lines represent the results w
attractive Coulomb interaction (r c523).

TABLE II. Quotient Q5K`(R50.3)/K`(R51.0) in the harmonic-spring
model as a function of the mean squared end-to-end distanceL2 for different
values of Coulomb interaction. The values for infinite long chains are
culated with Eq.~14!.

L253 L2530 L25300 L253000 L2→`

r c523 0.862 0.929 0.945 0.949 0.950
r c521 0.532 0.617 0.644 0.652 0.656
r c50 0.257 0.285 0.295 0.298 0.3
r c53 0.001 448 0.000 940 0.000 876 0.000 869 0.000 8
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K`.
r c

2L

1

exp~r c /R!21
,

R

L
→0, ~14!

from which the limiting values ofQ in the right column of
Table II follow. Note that the values ofQ are independent o
nB , which cancels out in the final expression, and thus
be considered as asymptotically exact. The asymptoticr c and
R dependences ofK` are

K`.H 2r c/2L, r c /R!21,

r c

2L
expS 2

r c

RD , r c /R@1,

R

L
→0. ~15!

Hence the cyclization rate constant is proportional tor c and
independent of the reaction radius for large negativer c , and
shows an exponential dependence onr c /R for strong repul-
sive Coulomb interactions. The]KR

`/]r c.1/L behavior
(r c,0) for Rouse chains is also confirmed.

IV. SUMMARY

We considered the cyclization rate for a polymer w
charged end groups in the simplest case of diffusi
controlled kinetics. After a short transient, the cyclizati
rate stagnates and its value becomes independent of the
tial condition; this long-time asymptotic reaction ratekR

` is
the quantity of major interest for reaction kinetics. Mon
Carlo simulations in the kink-jump model~giving rise to
Rouse dynamics! show that even for not too long chains wit
bond lengths that are reasonably small compared to the
croscopic reaction radiusR, kR

` is independent of the reactio
radius. On the other hand, for attractive Coulomb interact
kR

` is a linear function of the Onsager radiusr c which char-
acterizes the interaction strength. This leads us to the con
sion that~contrary to the uncharged case! the behavior ofkR

`

is dominated by large-scale motion. Indeed, similar behav
is found in the harmonic-spring model, taking into accou
only the longest mode of Rouse motion. The findings for
harmonic-spring model can be explained within a simple t
oretical framework, which gives the behavior of the cycliz
tion rates in the limiting case of very long chains (L→`).
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