Plume dynamics in quasi-2D turbulent convection
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We have studied turbulent convection in a vertical tttitele-Shaw cell at very high Rayleigh
numbers(up to 7x 10* times the value for convective onséhrough experiment, simulation, and
analysis. Experimentally, convection is driven by an imposed concentration gradient in an
isothermal cell. Model equations treat the fields in two dimensions, with the reduced dimension
exerting its influence through a linear wall friction. Linear stability analysis of these equations
demonstrates that as the thickness of the cell tends to zero, the critical Rayleigh humber and wave
number for convective onset do not depend on the velocity conditions at the top and bottom
boundariedi.e., no-slip or stress-frgeAt finite cell thicknesss, however, solutions with different
boundary conditions behave differently. We simulate the model equations numerically for both
types of boundary conditions. Time sequences of the full concentration fields from experiment and
simulation display a large number of solutal plumes that are born in thin concentration boundary
layers, merge to form vertical channels, and sometimes split at their tips via a Rayleigh-Taylor
instability. Power spectra of the concentration field reveal scaling regions with slopes that depend

on the Rayleigh number. We examine the scaling of nondimensional hedttfauklusselt number,

Nu) and rms vertical velocitythe Pelet number,Pe) with the Rayleigh numberRa*) for the
simulations. Both no-slip and stress-free solutions exhibit the schlliniga* ~ P e? that we develop

from simple arguments involving dynamics in the interior, away from cell boundaries. In addition,
for stress-free solutions a second relatidfy~+/nPe is dictated by stagnation-point flows
occurring at the horizontal boundariesis the number of plumes per unit length. No-slip solutions
exhibit no such organization of the boundary flow and the results appear to agree with Priestley’s
prediction ofNu~Ra'®. © 1997 American Institute of Physid$1054-150007)00501-§

Although three-dimensional (3D) turbulent convection
has been the subject of a large amount of research? the
presumably simpler problem of two-dimensional (2D)
turbulent convection has not been similarly graced. We
have conducted laboratory experiments and numerical
simulations on a quasi-two-dimensional version of a ca-
nonical problem in nonlinear dynamics: buoyancy driven
convection, the best known example of which is Rayleigh-
Benard convection. We consider a very thin convection
cell that effectively constrains the fluid motion to a verti-
cal plane. However, the walls that define this plane not
only confine the fluid, they also influence its motion
through a frictional drag force. This drag force distin-
guishes quasi-2D convection from strictly 2D convection
and leads to striking differences between the two. For
instance, we find the drag force from the two large walls
can be so important that the onset of convection can be
effectively independent of the boundary conditions on the
remaining four walls. The drag force stabilizes plumes,

which dominate the flow pattern through their birth, coa-
lescence, collision, and death. The existence of large
plumes and the effect of drag on the plumes alters the
transport properties from those of a strictly 2D flow. We
construct scaling arguments for the average momentum
and buoyant scalar fluxes based on an analysis of the
plume motion and of the boundary layers at the top and
bottom surfaces of the convection cell.

I. INTRODUCTION

Two-dimensional systems are more amenable to experi-
ment and simulation than three-dimensional systems mainly
because the reduction of dimension significantly reduces the
amount of data required to specify the flow. Experiments can
straightforwardly determine an entire 2D scalar field, and 2D
calculations can be performed at Rayleigh numbers much
higher than those in 3% While the majority of turbulent
flows are 3D rather than 2D, there are physically important
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108 Bizon et al.: Plume dynamics in convection

Experiment Simulation

FIG. 1. A convection pattern observed at a Rayleigh number of 3(8 in

a cell with dimensiond. =240 mmx240 mm; the cell thicknesé perpen-
dicular to the page is 1.0 mm. Convection in this isothermal cell is driven by B
an imposed concentration gradient. The color palette on the right display §f
concentrations of iodine in ethyl alcohol ranging linearly between 0.5% at
the bottom to 5.0% at the top. The arrows indicate the direction of weak
pumping along the experimental cell edges, as discussed in Section IV. Fc
this experimentwp,g=0.3 mm/s.

systems, such as large scale stratospheric and oceanic flov
and some MHD flow<; that are approximately 2D.

Flow in the third dimension can be suppressed througt
rotation, stable density gradients, magnetic fields, or thinnes
of a fluid layer, as in the present stutlyn all such cases, -
though, interactions between the ostensibly two-dimensione §5§
flow and boundaries in the third dimension are significant. Fi%
Danilov et al!® have argued convincingly that the study of [&
2D flows should be replaced with the study of such quasi-2LC
flows.

Our experiments and simulations examine quasi-2D con
vection in a Hele-Shaw cell—a cell that is very thin com-
pared to its horizontal width and vertical height. Figure 1
shows an example of an observed convection pattern ar
Fig. 2 displays examples of the time evolution of experimen-
tal and simulated convection patterns. In each case, solut
plumes are prominent features of the 2D concentration fields
The influence of the third dimension, that is, the influence of
the boundaries parallel to the flow, is modeled with a friction
term that is linearly proportional to the fluid velocity.

Previous work on convection in a Hele-Shaw cell has
concentrated on behavior at onset and moderate Rayleic
numbers and includes theoretitafl® and experimentét
work on the_ onset and near onset behavior, an eXpenmenFE‘IG. 2. Sequences of laboratory and simulated convection patterns showing
and theoretical study of onset and near onset behavior igpiitting of plumes(see examples in dashed boxaad long time evolution
double-diffusive convectioi"ﬁ a weakly nonlinear analysis (the last picture in each columriThe times, indicated in upper left corners,
and derivation of the relevant Ginzburg-Landau equalnﬁon’ are in units of 30 gexperimentand 0.1./W,g (simulatior). In thg expgri-
numerical analyses of station&fy” and oscillatory” states ~ TeMhR& =3.0¢ 1P, /L= 1/240, andvpi=0.1 mms; in the simulation,

pump

. e .  Ra*=1.0x10" and 6/L=1/20 with no-slip horizontal boundaries. The
and their stability for supercritical values of the Rayleigh nhorizontal scale of the solutal structures is not dependent onRa it is
number, a numerical investigation of oscillatory also affected by/L andwp,q,,(see Section Vil
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convection:® and an experimental investigation of flow be- 8p
yond the onset of convectidd.These investigations dealt —=pdc, (4)
with Rayleigh numbers up to about 25 times the onset value. °

The present work differs from the previous in several signifi-where §p and sc represent fluctuations about the mean den-
cant ways. First, the Rayleigh numbers considered here amgty p, and concentratiort,, and 8 gives the increase in
as high as X 10* times the onset value, so that the convec-density with concentration.
tion is highly turbulent. Second, the experimental boundary ~ \We introduce two-dimensionality by restricting our
condition on the concentration on the large vertical sidestudy to flows with cross-stream Reynolds numbers
walls is one of no fluxthis was also true in Ref. J4which  Re;=U 8/ v of order 10 or less. Herd refers to eithex or
corresponds to that assumed in most of the theoretical mogd- components of the velocity. For such flows, parabolic pro-
els. Third, the Prandtl number in the present experiment is ofiles in y result?°-22
order 16, rather than 19) as in the experiments with silicone
oil.* v(xy.2,)=f(y)u(x,2,), (5)

In Section Il we describe the ideal system and its
guasi-2D model. Section IIl is an analysis of the linear sta‘where
bility of the model equations. Although our investigations
pertain to Rayleigh numbers far above onset, the linear sta- f(y):4X(
bility problem defines the proper control parameter and pro- o
vides insight into the role of the boundary conditions. The .
mathematical details of this section can be safely skipped ot is the unit vector in they direction andu lies in thex-z
a first reading, but the discussion there is important for lateplane. The parabolic profile represents the lowest-order solu-
sections. Sections IV and V describe, respectively, the extion which is consistent with the boundary conditions in the
perimental and numerical methods used to study the systerimit 6—0. Similarly, the zero-solute-flux boundary condi-
Our results for plume dynamics and spatial power spectra foiions at they=0 andy= 6 side boundaries imply, to lowest
experiment and simulation, and scaling for the simulation ar@rder, thatc=c(x,z) is independent ofy. Inserting these
presented in Section VI. We generalize our conclusions t@rofiles into(1)-(3), averaging iry, and nondimensionalizing
nonconvective quasi-2D systems and suggest directions fovith respect to the length, the timeL?/D, and the concen-
further investigation in Section VII. Finally, in the Appendix tration differenced, we obtain our model 2D system:
we examine the linear stability of a boundary layer in a Hele-
Shaw cell; this analysis shows why there are many more
plumes for Hele-Shaw convection than for Rayleighh&el

y
=5

and u-y=0; (6)

4L - oo 3 .
atu+gwyyXU=U[Vf—a]u—VP—EURaCZ @)

convection.
2. .
dc+ §u-VLc:Vfc, (8)
II. MODEL EQUATIONS - -
V., -u=0. (9)

The geometry we consider is a rectangular parallelepi-
ped of width and height in directionsx andz, and thick- Here the subscript refers to thex-z plane, andw, is the
nessS<<L in directiony. The fluid in the cell is buoyantly y component oﬁlxﬁ, i.e., the vorticity. Alsog=v/D and
driven by solute concentration gradients which range fronRa=gBAL%/(vD) are the Schmidt and solutal Rayleigh
c=c, atz=0 (the bottom of the cellto c=c,+A atz=L  numbers, andv=12(L/5)?. It is evident from a linear sta-
(the top of the cejl To model the motion, we begin with the bility analysis of(7)—(9) that the relevant control parameter
Navier-Stokes equations in the Boussinesq approximation: for Hele-Shaw convection is

S . 1. .8 Ra*=Ra(4/L)?; 10
8tv+(v-V)v=VV2v—p—VP+gp—p, (1) aoiL) (10
° ° see Section IIl. All flow variables&, P, ¢) and coordinates
ac+uv-Ve=DVZc, (2 (X, 1) in (7)=(9) are non-dimensional. Furthermor®, has
. been redefined to absorb contributiong,z from the mean
V.v=0, 3 solute concentration and u?/2 from the nonlinear term, as

. well as numerical and dimensional factors. Aside from the
wherev, P, p andc are the velocity, pressure, density, and constant coefficients 4/5 and 3/2, the most notable change in
solute concentration of the fluid. The parameteendD are  going from (1) to (7) is the appearance of the linear drag
the kinematic viscosity and solutal diffusivity, respectively. term proportional to I(/8)2. Hence, although we have re-
Gravityj is directed downward, in the negatizedirection.  duced the system from three to two dimensions, the walls in
Assuming small relative density fluctuatiodp/p, at con- the reduced dimension exert considerable influence on the
stant temperature anghearly) constant pressure, we com- flow. Numerical solutiongsee Fig. 2 and linear stability
plete the system with the following equation of state: analysis of this system will be presented below.
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110 Bizon et al.: Plume dynamics in convection

IIl. LINEAR STABILITY OF HELE-SHAW CONVECTION kc) are in error® For this reason we sketch here the linear

Convective onset in a Hele-Shaw cell of infinite horizon- StaPility problem for both no-slip and stress-free cases. In the
tal extent has been discussed analytically by Lapwdadd limit — 0 both sets of boundaries yield convective onset for
Davies-Jonés for the case with stress-free top and bottomidentical values oRa; andk.. Here we shall compute the
boundaries and by Souhat al?® when the boundaries are next-order correction inS/L to Ra} and k., and we will
no-slip. Frick and Clevéf have studied both boundary con- present the eigenfunctions at onset for both sets of boundary
ditions numerically. The critical Rayleigh and wave numbersconditions.
areRa} =48m? andk.= w/L for the stress-free case. Unfor-
tunately, the no-slip results presented by Souttaal. (for
which they reported significantly larger values R& and

Linearizing (7)—(9) aboutu=0 andc=z, we arrive at
the following system of equations:

(d/d2)2— 7y 0 0 ik U’ 0
3
0 (d/d2?-7  ZRa  —(did2) | [ 0
) = . (12)
0 3 (d/dz)®>~¢ 0 ¢ 0
—ik (d/d2) 0 0 P'lo 0

Horizontal and time dependence have been assumed to be RB* andk, we must solvé11). We shall do this first for the
the form exp$t—ikx), k being the horizontal wave number case of stress-free boundaries. We begin by recognizing that
ands the complex frequency; the remaining parameters ar¢he determinant of the matrix operator (1) must equal
(=K?+s, p=k®+a+slo, and a=12(L/8)% Primes ()  zero for solutions to exist. Considerirsg=0 (steady flovy,
denote perturbation quantities. We obtain solutiongltty  we have
with the aid of the numerical package NEwhich solves
two-point boundary eigenvalue problems using a Newton-  ((d/d2)*—k?)*((d/d2)*~k*— a)w’ + Rakw’=0.
Raphson-Kantorovich iteration schei{eStability bound- (12)
aries ofRa* versusk are depicted in Fig. 3 for no-slip and
stress-free solutions with/L =1/20 and 1/240. The no-slip A. Stress-free boundaries
and stress-free solutions witdiL = 1/240 are indistinguish-
able for the range df plotted; these two solutions cannot be
differentiated from that for the limis=0 for this range of
k. For largeré the marginal stability curve shifts upward to ' 2000 — 4ot —
slightly higherRa*. For stress-free boundaries, this upward W'=(didz)w’=(d/dz)'w’=0, 3
shift concentrates at highé while for the no-slip solution  \yhich are satisfied bw’ = sin(rz). Substituting this solution
the entire stability curve is notably elevated for all valuesinto (12), we obtain
of k.

Figure 4 shows the eigenfunctions for the field variables (K2+ 72)2(K?+ 7%+ a)
c¢’, w’, andu’ for no-slip and stress-free boundaries with Ra= K2 ' (14
S8/L=1/20 andé/L=1/240. As is evident from the figure, in
the interior of the domain the no-slip eigenfunctions ap-which we may rewrite in terms dRa* as
proach those for the stress-free casedsas0. At finite &,
however, the two diverge dramatically in the thin region (K% + 72)?
within & of the boundaries. The reason for this marked dif- ~ Ra" :12T[1+(k2+ m)a ], (15)
ference is the relative insignificance of the operator
(d/dz)? compared toy (or a) away from the boundaries for The minimum value ofRa* occurs wheredRa* /dk=0.
both sets of boundary conditions. Howeved/dz)? domi-  Upon differentiating (15), setting the result to zero, and
nates very near the boundaries for the no-slip case so thataluating the roots to the resulting quadratic equation for

w'=0 andu’=0 can be enforced simultaneously at thek2, we obtain the following expressions fa andRa} of
boundaries. For the stress-free case the conditioardera !

(du’/dz)=0 is more easily satisfied since it is consistent
with the interior eigenfunction near the boundary. ke~m(l—m%a"t) and Ral~48m%(1+27%a™?).
To obtain analytic expressions for the onset values of (16

For stress-free surfaces, boundary conditionswdnat
z=0 and 1 are
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FIG. 3. Marginal stability curves for Hele-Shaw convection for different ¢’ w u'

boundary conditions and values 6fL. The dashed and dotted lines show
no-slip and stress-free solutions, respectively, with =1/20. Solid and  FIG. 4. Eigenfunctions o', w’, andu’ for Hele-Shaw convection for
dot-dashed lines, indistinguishable over the plotted range, display no-sligy=1/20 (upper graphsand &/L = 1/240 (lower graphg Solid lines are

and stress-free solutions forL =1/240. for stress-free boundary conditions; dashed lines, no-slip conditions.
giving
B. No-slip boundaries 1
For no-slip surfaces boundary conditionswh again at 2
z=0 andz=1, are 1 w2
~ +1 _e_-_~- -1
w'=(d/dw’ = ((d/d2)>~k2)((d/d2)?~ k>~ a)w’ e R il | 0
=0. (17) » 1 ,LL2 L
Ua~*| Vutkt 7 —=a
If we assumev’ « exp@2), (12) becomes 4 Vu+k
a X3 X2+ u2=0, (18) For the solution which is even inabout the mid-plane,
we have
where X=q?—k?® and wu=Ra*k¥12. In the limit 1 1
a~'—0, the roots to(18) can be approximated: W’=Alcoshql|(z— 5 +A2003q2|<z— E)
Mz
2 —1 ~_ ~ -1
Xj_"“a M@ ’ X2 /*l'+ 2 a ’ +A3003Hq3| Z_E . (21)
2 . . .
- [ Applying the boundary condition&l7), we obtain the fol-
Xe=pt5a (19 lowing system for the, :
|d|
1 1 1 Alcoshz— 0
et g lten (gt || acod | | o, @2
Xl(Xl—a) Xz(Xz_a) X3(X3_CY) A3C08I’Lq2_3| 0

Substituting from(19) and setting the determinant to zero, we obtain a dispersion relatida for
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112 Bizon et al.: Plume dynamics in convection

et

3
{—Ma— Su*+0(a™)

+[ 2ua+ O(a‘l)]|ql|tanh|q71|

|q2|tan|q—2|=0. (23

+ 2

3
pa— E,u,z-i-O(a_l)

Taking the limit «— so that we retain only the highest

order ina, i.e., O(a®?), we see that23) is equivalent to

|92

232+ a|q2|tan72 ~0. (24)

Here we have employe@0) to neglect théqs| contribution
as lower order inx; also note that tanhr'>—1 asa—x.

plains the relatively larger upward shift of the marginal sta-
bility curve for no-slip boundaries. Furthermore, note that in
(15) the stress-free correction increases wittwhile that for
no-slip boundaries i28) decreases with?, explaining the
concentration of the stress-free correction at ldegend the
importance of the no-slip correction at &l The fact that
Fig. 3 exhibits an increasing correction Rsincreases for
no-slip (as well as stress-freavhile (28) indicates just the
opposite reveals the importance of the higher-order terms in
a~ 1, which we have neglected i24).

The similarity between stress-free and no-slip bound-
aries is an unusual feature of convection in the Hele-Shaw
system, and it arises from the action of the additional drag
term. For 2D flows without an extra drag tefsee Ref. 5 for
exampleg, the dominant length scale for viscous diffusion of
the velocity field is determined by the characteristic shear

From (24) we can solve fotg,| to O(a™Y?):
Gal~m(1+a~¥2). 9
Combining this result with20) we readily obtain

K2+ 72(1+2a~ 1372
Ra*:12[ ( al )] ,

length scales in the flow. Smaller scale structures possessing
sharper gradients diffuse most rapidly. On the other hand, for
the Hele-Shaw system with<L, it will often be the case
that § is much smaller than any characteristic scale arising
naturally in the flow. Hence, drag will generally be much
(26) greater for Hele-Shaw convection than for strict 2D convec-
tion. Furthermore, in the singular lim#— oo, the order of
(7)—that is, the highest spatial derivative—is reduced. Mani-
festations of the nature of this limit af@ the diffusion op-
erator in (7) is insignificant for flow farther thars from
no-slip boundaries at the edges of the cell, &ndwithin &
of the no-slip boundaries, competition between normal vis-
With (15) and(26), the marginally stable Rayleigh num- cous drag and Hele-Shaw drag results. Hencegfet., the
bers for the stress-free and no-slip boundaries, respectivelgxact nature of the boundary conditions is less significant to
we may now understand some of the qualitative features exhe bulk fluid and is only apparent very near the boundaries.
hibited in Figs. 3 and 4. First, note that in the Hele-ShawThe velocity boundary layers then are the only areas of the
limit of a— o (i.e., the distance between the side walls goessystem that are strongly influenced by boundary conditions,
to zerg, the no-slip and stress-free results are identical, conand these boundary layers have a thickness comparable to
trary to Souhaet al. The reason for this discrepancy is the §. In the Hele-Shaw limit, the distance between the plates,
inappropriate truncation of(11) by Souharetal®® to  and so the boundary layer thickness, goes to zero. In this
(d/d2)* before applying no-slip boundary conditions. With fimit then, there must be correspondence between the two
such a truncation, the six boundary conditions contained ihoundary conditions, as determined analytically above.
(17) cannot all be satisfied simultaneously. Souleamal.
chose to ensure&v’ =0 and @d/dz)w’ =0, leaving the last
condition of (17) unsatisfied—which is equivalent to not fix- IV. EXPERIMENTAL METHOD

ing the solute concentration at the surfaces. A similar trun- In most buoyancy_driven convection experiments a ver-
cation for the stress-free problem does not produce erroneotigal gradient in density is produced by an imposed vertical
results only because the eigenfunctish=sin(n2) happens temperature gradient, while in the present experiments a ver-

to SatiSfy all six of the bOUndary conditions (i]h?)) Note that tical density gradient is produced by an impowﬂ]centra_
a similar fortuitous situation for stress-free boundaries doegion gradient?®?° our cell is isothermal. In the ideal Hele-

not occur when the solute conditions are other than constanhaw geometry the flux through the large plates

For finite  (15) and(26) exhibit different dependences perpendicular to the flow, which we denote as side walls, is
of Ra* onk. If we reexpress26), for largea, as neglected, but this assumption is not well satisfied in
(K24 72)2 472 temperature-driven convection. In contrast, in our cell with a
Ra*~12 2 (1+ T al’z), (28 vertical concentration gradient the side-wall impermeability
assumption is perfectly satisfied.
these differences become easier to analyze. Note that the The convection cell has dimensions 240 xg#0
no-slip expressiong28) and (26) are identical to order mmx1 mm (Fig. 1). The side walls are made of 19.1 mm
o~ Y2 and recall that the stress-free result expressgd5n thick float glass. The 1.0800.013 mm spacers between the
is exact. First, it is important to note that the no-slip resultglass plates are formed of porous gaskets. We impose a ver-

from which we have

ke=~m(1l+a Y% and Ra*~4872(1+2a 2. (27)

C. Discussion

(28) contains a positive correction &(a~ %) while the
stress-free correction is of higher ord@(a~1). This ex-

tical density gradient using a heavy fluid at the top horizontal
surface and a light fluid at the bottom surface. Both of the
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imposed fluids are solutions of iodine in ethyl alcohol, whichusing a video camer&ilix Micro Imager MI11400-123 and
has a kinematic viscosity of 16102 cn/s, and solutal a narrow-band interference filter to measure the absorption of
diffusivity of 1.0x10° cm/s. The fluid concentrations are the cell in the blue, where iodine strongly absorbs. The cam-
sustained at the top and bottom surfaces through 6 mrara has a spatial resolution of 54312 pixels with 12 bit
PTFE-membranegwith a pore size of 2zm) in contact with  resolution/pixel; thus the smallest spatial scale of interest, the
continuously refreshed reservoirs. Re* =3.3x 10’ the io-  plate spacings, covers 2 pixels. Images were recorded at
dine concentrations at the top and bottom surfaces armtervals ranging from 30 seconds for the lowest Rayleigh
5.0% and 0.5%, respectively; an iodine solution rather thamumber to 2 seconds for the highest; these intervals are short
pure ethyl alcohol is used at the bottom to improve visual-enough to capture the relevant dynaniese Fig. 2 Several
ization. Concentrations at the upper boundary range fronmundred frames are recorded. The relevant time scale of the
0.5% to 5.0% and the densities of the fluids in the reservoiexperiment is the time that a plume takes to cross the cell.
are measured with a hydrometer with a precision of 0.0009 he data sets cover between five and fifty of these convective
glent. times, with the longer runs corresponding to the lower Ray-
Predtechenskgt all* showed that for small concentra- leigh numbers. The use of the filter and of a bottom concen-
tion gradients this method provides well-defined concentratration which is 10% of the concentration at the top allow us
tions at the top and bottom cell boundaries. However, at théo fit the dynamic range of the camera, improving visualiza-
high concentration gradients used to produce high Rayleigkion of the concentration field.
numbers for the present study, neither the polyacrylamide gel Images of the patterns are used to determine the entire
membranes used in the earlier study, nor the porous gasketsncentration field under the Hele-Shaw assumpfios,
used in the present study, are sufficiently porous to providé¢hat the concentration is independentyof For a particular
well-defined concentrations at the top and bottom surfaces dfackground illuminatiorB(x,z) and detected image inten-
the cell. In contrast to thermally driven convection, wheresity 1(x,z), the concentration fieldc(x,z) is given by
the conductivity of these surfaces is much higher than that of = — k(log I —log B), where the proportionality constant is
the fluid, the solutal conductivity of the porous membrane isdetermined from the known concentrations at the top and
no higher than that of the fluid itself. Hence, to producebottom boundaries of the cell. Note that although our light
well-defined concentrations at the top and bottom horizontasource is nonuniform, the spatial variation of its intensity
surfaces, we pump fluid slowly into the cell through the po-does not directly limit the accuracy of the determination of
rous gaskets at the horizontal surfaces and out through simihe concentration field.
lar gaskets at the vertical edges; see Fig. 1. The data pre- If the cell is continuously illuminated, the darker, more
sented here are f&a* from 3.0x 10° to 3.3<10". The root  dense fluid will absorb more light and become warmer than
mean square velocity in the cel|,s, estimated by measur- the lighter fluid. This produces stabilizing thermal effects.
ing the distances that plume fronts move between successivithe very complex flow in such cases disappears, and motion
frames, varies from 0.5 mm/s to 1.8 mm/s; the vertical ve-is confined to a simple central plume separating a pair of
locity at the boundaries due to the pumping is in all cases atlls. For this reason, the cell is illuminated with a flash
least five times smaller than the rms vertical velocity in thesynchronized with the image acquisition. With this impulse
cell. As the Rayleigh number increases, the increased turbuighting, the temperature of the cell is controlled at 24.0
lent diffusivity in the cell requires an increase in the effective 0.5 °C. For this experimental apparatus, the double diffu-
conductivity of the horizontal boundaries, i.e., an increase irsive effects reassert themselves at much lower Rayleigh
the rate of pumping. number, even with the flash lighting. This sets a lower limit
The effect of this pumping on the boundary layer may beon the Rayleigh number which may be investigated with the
determined by calculating the ratio of convective to conduc-current cell at about 3¥10°. Note that this is not a funda-
tive solute flux through the boundary layer, called the boundmental lower limit: Predtechenskegt al. have used this
ary Pelet number. This Reet number Is\Wp,m/D, where  method to study convective ongét.
\ is the thickness of the concentration boundary layer and The upper limit on achievable Rayleigh numbers is de-
Woump iS the vertical velocity at the horizontal boundary. termined by 3D effects. For large density differences, an
Without pumping, the boundary layer is essentially conducasymmetry develops between dense plumes near the top
tive and this number is much less than one. In our case, boundary and light plumes near the bottom. Specifically, the
estimated from time and horizontal averages of the concerheavy plumes appear to move in thin layers along the glass
tration field, is about 5 mm, producing a ¢kt number on plates, while the lighter plumes travel in the region between
the order of 18. That is, the boundary layer is convective the side walls. As these plumes approach the core, they slow,
rather than conductive. As the pumping increases, the boun@nd expand in thg direction to fill the thickness of the cell.
ary layers grow. For pumping velocities higher than thoseThus, the core is quasi-2D, even in cases with Rayleigh num-
reported here, the core of the cell is no longer isosolutal bubers larger than those on which we report. As the Rayleigh
acquires an average gradient. We use this fact as a diagnostiamber decreases, the distance from the horizontal bound-
to determine whether a run is too strongly pumped. The efaries over which the plumes expand ynto become two-
fects of the pumping will be further considered in Sectionsdimensional also decreases. In the data presented, this length
VI and VII. is less than 3 mm. Our study of the solute flux scaling in the
The evolution of the convection patterns is monitoredHele-Shaw systentsee Section Vjlsuggests that the role of
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TABLE |. Simulation parameters. x andz directions. The number of spectral modes is chosen
Il Boundary conditions Rat x ., o resolve_z the thin structures tha_t appear spontaneously in the
flow. Typically, 12 collocationgrid) points resolve the con-
1/240 stress-free 4910 257 129 Centration boundary |ayers_
8.0x10f 385 193 The fact that solutions with stress-free and no-slip
LOA® 769 257 g diti identical in the Hele-Shaw limit of
32 1P 1281 385 oundary conditions are identical in the Hele-Shaw limit o
8/L—0, and further, that the correction is of higher order in
1/20 stress-free Giﬁig g?g ;23 (8/L)? for the stress-free case, implies that numerical inte-
12‘8;( 16 . 257 gration with stress-free boundaries approximates that limit
2 56 10P 1281 3gs  better than n_umerical splutions with Qo—slip co_nditiops, at
_ least for the linear stability problem. Since the inclusion of
1/20 no-slip 3.x10° 385 193 nonlinear terms does not alter the basic competition between
6.4x 10° 385 193 v2 and (/L)2 wh o i dit
1.28¢ 10P 513 257 T an (_. ) when satisfying no-slip con |t|ons_, .stress—
2 56x 10P 641 257  free conditions should also be relevant when obtaining solu-
5.12<10° 641 257  tions with Ra*>Ra&; . This point is important since the
1.0x10° 769 385  small grid spacing required to resolve the thin velocity

boundary layersof thickness~ §) evident in the bottom row
of Fig. 4 (where 6/L=1/240) make no-slip simulations

the boundary layers is to set the solute flux, while the cordn@ny times more costly than stress-free. However, for the
controls the dissipation. In our experimental system, the sol¢@Se 0fé/L=1/20(top row of Fig. 4, the velocity boundary

ute flux is predominantly controlled by the boundary pump-layer is larger than the concentration boundary layer, so that
ing, which is independent of the dimensionality of the Stress-free and no-slip conditions require comparable resolu-
boundary layer. Thus, we expect that any three dimensionaHon to simulate. _ _ _

ity in the boundary layer has a negligible effect on the dy- AS mentioned in the previous section, our experimental

namics in the turbulent core. cell employs pumping of fluid through the boundaries to pro-
vide a well-defined boundary concentration. Though it would
V. NUMERICAL METHODS be useful to evaluate the effect pumping has on the flow

morphology and statistics, our current numerical algorithm

The field variablesi, P andc in (7)—(9) are represented cannot accommodate flow through the side boundaries. The
spectrally with Fourier expansions in the direction and reason lies with our sine expansion wfthe horizontal ve-
Chebyshev-polynomial expansions in thelirection® The locity, in the x (or horizonta) direction. Such an expansion
top and bottom boundaries are held at fixed concentrationannot represent nonzero valueswat x=0 andx=1. In
c. For most of our runs the velocity conditions at theseorder to model flow through the side boundaries, a different
boundaries are impenetrable and stress-free, though we hanemerical algorithm is required.
conducted runs with no-slip conditions. Pressure boundary
conditions are satisfied simultaneously with the velocity, i.e.v|. RESULTS
without time-splitting errors, using the influence matrix .
method®! Chebyshev-truncation errors, inherent when usingA' Plume dynamics
the influence matrix, are removed using the so-called “tau”  Figure 5 shows profiles of mean solute concentration
correction®*2 Side boundaries are impenetrable, stress-freavith height for both the experiment and simulations. As with
and admit zero solute flux for all calculations. Time integra-temperature profiles in convention@lon-Hele-Shay con-
tion is achieved with the hybrid-implicit/explicit third-order vection, at highRa* the profiles exhibit sharp concentration
Runge-Kutta scheme of Spalart, Moser and Rodewsith gradients at the top and bottom surfagbsundary layerns
which we treat nonlinear terms explicitly and the remainingand a central core region whose mean concentration does not
linear terms implicitly. Calculations are performed with pa- depend on height. In addition to the solutal layers on the
rameters similar to the experiments; i.es= 1000 within a  boundaries, velocity boundary layers also exist. These veloc-
square cell with6/L=1/240. Additional calculations are ity layers can be seen in the horizontal velocity profiles
conducted withé/L=1/20. As we discuss below and in the shown in Fig. 6. One can see that thin shear layers of thick-
Appendix, calculations with the experimental value &t ness approximately are present for no-slip boundaries. As
possess extremely small characteristic length scales. Resolexpected, equivalent shear layers do not exist for stress-free
tion of these scales limits the accessible rangeali; hence, boundaries.
our runs with 8/L=1/240 have values oRa* far below The most eye catching and dynamically significant fea-
those achieved experimentally. Runs wdith. = 1/20, though  tures of the flow are plumes growing out of the solutal
unrealistic for experimental Hele-Shaw convection, canboundary layers; see Fig. 2. The large density difference be-
reach much higher values &a*. Table | displays param- tween the boundary fluid and the central core drives the
eters used in the simulations discussed: these inctille ~ Rayleigh-Taylor instability, which is responsible for plume
the velocity boundary conditions on the horizontal bound-formation. The Appendix presents the stability analysis of a
aries, andnx and nz, the number of spectral modes in the solutal boundary-layer profile; we chose a hyperbolic-
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tangent shape for our ?alcmaﬂon- As is evident Wh(_en ON&nalysis of the profile in equatiai1) as a function oB/X. Two regions are
compares Fig. 2 with images of the temperature field inapparenta<s and\> &, see the Appendix.

Rayleigh-Bmard convectiod® many more plumes form

from the boundary layers in a Hele-Shaw geometry than _ _ o _
from 3D or strictly 2D convection. The stability analysis in Scales with I in the Hele-Shaw limis<\ (where\ is the
the appendix reveals that the most unstable wave nukbersolutal boundary-layer thickngssin the opposite limit
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6>\, k levels off and is given bk~ 1/5; see Fig. 7. Since
N\ decreases with increasiriga*, a monotonic increase in
k should accompany increases Re* in experiments and
simulations with6<<\. For simulations with5> X\, k should
be nearly constant, independentRé* .

In the interior flow, plumes carry all of the solute flux
between the boundaries; this is also the case widrmal
plumes ancheatflux in non-Hele-Shaw convectidit* The
manner of transport, however, is very different for the two
cases. For example, in Hele-Shaw convection, viscous drag
from the glass plates decelerates the plumes, eventually bal-
ancing buoyancy. Though a balance between plume drag and
buoyancy has also been proposed for Rayleighase con-
vection experimentsthe linear(as opposed to Newtonian—
involving the V2 diffusion operator nature of Hele-Shaw
drag dramatically changes the ensuing dynamics. As stated
above, the instability of the boundary layer tends to excite

tion of height for a variety of Rayleigh numbers. For all Rayleigh numbers,ihe formation of many, closely spaced plumes in Hele-Shaw

the no-slip velocity boundary layer has a dep#d/2. The large peak in
U,ms just above the boundary layer is due to the horizontal spreading motion

convection. Coalescence of these boundary-layer plumes re-

that occurs when plumes impact the boundaries. These profiles are derivédHIts from sweeping motions caused when fluid moving from

from simulations withs/L = 1/20.

the interior strikes the boundary, then spreads out horizon-
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tally, as well as from mutual interactions between neighbordifferently according to the boundary conditions. In particu-
ing plumes® Conglomerates of plumes leaving the boundarylar, we have observed greater stability of channels in simu-
(if they survive the “tip-splitting” instability described be- lations with stress-free boundaries as opposed to no-slip
low) can form conduits that organize the vertical transportwhen /L =1/20. At Ra* =3.2x 10, the lowestRa* and
and channel subsequent plumes. These channels are evidéhi and so the largest investigated for no-slip conditions,
at mid-layer in Fig. 2 as alternating lanes of dense downwardhe Nusselt number is 30.7, equivalent to a solutal boundary-
and light upward moving fluid. The channeled fluid, uponlayer thickness of\/L=0.016, which is smaller than
impacting and spreading along the far boundary, provides thé/L=0.05. Enhanced stability of the channels with stress-
sweeping motion that organizes the boundary-layer plumekee boundaries results from the ability of the channel foot-
there into return channels. In contrast, the organization opoints to slide horizontally, aligning with the coalescing
non-Hele-Shaw convection experiments and strictly 2Dboundary plumes that feed them. Channels over no-slip
simulations is more one of turbulent rolisr polygons in  boundaries on the other hand can become displaced from
3D) of nearly equal width and deptland is therefore strik- their less mobile footpoints. Such misalignments often lead
ingly different from that depicted in Fig. 2. to splaying and subsequent destabilization of the associated
The plumes that make up the interior-flow channelschannel.
should be stable for two reasons: first, the fluid's high In contrast to these numerical results, experimentally we
Schmidt number limits the diffusion of solute, thus inhibiting observe no long-lived patterns of conduits; the large scale
plume dispersement; and second, friction due to the wallsonvection pattern changes constantly without settling on a
stabilizes the channels to transverse instabilities, similar tetable form. Though one might invoke enhanced tip-splitting
the situation in Kolmogorov flow® Nevertheless, because of due towp,mp # 0, we cannot exclude effects of the much
the density difference between plumes and the surroundingigher Ra* in the experiments when compared to simula-
fluid, a Rayleigh-Taylor type instability may occur at a tions with the same value offL. Companion solutions at
plume boundary, especially when two plumes of oppositéhigh Ra* with both types of boundary conditions are needed
density-contrast collide head-on. The dashed boxes in Fig. ® evaluate the qualitative difference we observe between
show examples of such head-on collisions and the ensuingxperiment and simulation; however, much higRei* than
Rayleigh-Taylor(or tip-splitting) instability that occurs for we have currently computed are numerically costly.
both experiment and simulation. The sequence of images
demonstrates that as the plumes approach one another thgy
slow, allowing additional fluid to feed the plumes’ heads
through their stems. This additional buoyant material causes The formation, merging, and splitting of plumes may be
plume heads to expand laterally, forming a horizontal interviewed as configuration-space realizations of concentration
face or front that becomes unstable. As one can see, as maayd energy transfer in Fourier space. The merging and dif-
as three perturbations appearing as smaller plumes may grdwsional spreading of plumes transfer scalars to smaller val-
from the interface formed during such a collision. Variousues of the wave number, while tip splitting and strong mix-
factors influence this tip-splitting instability, including the ing in the core act in the opposite direction. The dynamics in
density difference between plumes as well as their widthk-space for turbulent convection are only poorly understood.
shape and velocity; each of these factors in turn depends dn 2D isotropic turbulence, the presence of a second inviscid
Ra*, é/L, andwp,m,. The last factorwy,m, is especially invariant, the enstrophy, forces a modification to Kolmogor-
influential because boundary pumping elevates thev's famous —5/3 law. Specifically, an inverse cascade
boundary-layer Retet number, inciting the ejection of more transfers energy to larger spatial scales, while enstrophy is
intense and larger plumes. A greater solutal contrast betwedransported to smaller scal&sin convection, the presence of
plumes results, which enhances the instabi{gge the ex- the buoyancy term destroys the invariance of the enstrophy,
perimental patterns in Fig.)1This may also explain the but the entropy, a function of the concentration, is invariant,
larger mean horizontal scale evident in the experimentspossibly also leading to an inverse casc¥dm addition,
larger plumes feed larger solutal channels. several author§~*° have applied the Bolgiano-Obukhov
Like the plumes, channels too are exposed to sources apectrum for stably stratified turbulence to convective turbu-
instability. In addition to the factors already mentioned forlence. In Hele-Shaw convection, the side walls, which
plumes, channels may be stabilized by the feedback estaktrongly influence the real-space flow, are expected to have
lished between the boundary-layer plumes and the interioan equally important influence on the transfekispace. In
advection pattern. This coupling is influenced in our simula-the arena of nonconvective two-dimensional turbulence, Da-
tions by the tangential velocity boundary conditions at thenilov et al° have argued that the external friction will pro-
top and bottom surfaces. We suspect that this dependene@e a scale which bounds the inverse cascade at smaller
appears only whe is not the smallest length scale of the wave numbers.
problem because for smafl no-slip and stress-free velocity Figure 8 displays contour plots of the time averaged spa-
conditions should be indistinguishable; see Section lll. Neviial power spectra of the concentration fie®ik, 6), for the
ertheless, whei is smaller thans, the boundary-layer dy- highest achievable Rayleigh numbers. The radial and azi-
namics need not be dominated by Hele-Shaw drag. The manuthal directions in Fourier space dend 6, respectively.
tions of plumes on the boundary layers therefore proceeth order to gather better statistics, the flow is divided into

Spatial power spectra
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Experiment Simulation

=f dkdoé(k,a):f dkSK), (29

so that

o=

S(k,0)=kS(k,0), é(k):fdeé(k,e). (30)

For both the experimental data and the simulation, there is a
similar anisotropy at large physical scales. As the scale de-
creases, the spectra become more isotropic, in agreement
with a cascade picture of turbulence. Figuré)8displays
radial slices ofS(k,#) at intervals of 10°, as well as the
averages of these slices, which are shown as dotted lines.
Figure 8c) shows the slope of this averagehich is ap-
proximately S(k)/2w) as a function ok. The experimental
data have a decade long scaling region with a slope of about
—0.9; see Fig. &) and Fig. 9. As the Rayleigh number is
decreased, the length of this scaling region decreases, and the
slope becomes steeper. For the simulations the scaling region
is at most half a decade; over this region the slope is about
-0.3.

C. Scaling in Hele-Shaw convection

A canonical question in turbulent convection concerns
the dependence of the flow statistics Ba in the limit
Ra—x.! Often these statistics are characterized by nondi-
mensional quantities such as the Nusselt nunibersolute
flux) and the Pelet numberPe (velocity). Here we equate

FIG. 8. (8 Average spatial power spectra of the concentration field, P€=WimsL/D=0W,nsL/v with the rms vertical velocity
S(k,); each plot contains five contours evenly spaced on a logarithmid/V, s in the turbulent core, where it is independentzpkee
scale betwegn the maximum and the minimum spectral intengiip&fa- F|g 10. We obtairfNu by averaging the concentration equa-
dial slices ofS(k, 6), at 10° intervals; the dotted line shows the average of tjqn (8):

the nine radial sliceqc) The slope of the dotted line frori). The experi-

mental parameters afRRa* =3.3x 10’ with a vertical pumping velocity of (9<C> 2

0.3 mm/s. The simulation parameters are the same as those listed in the Nu=———+ s(wc), (3D
caption of Fig. 2. Jz 3

2 5 10 2030 2 5 10 20 30
k(2niL) k(2nL)

where angle brackets denote horizontal and time averaging.
Both Nu andPe are easily measured for the simulated sys-

nine overlapping square regions, which cover only the turbut€M. The results are plotted versBs" in Fig. 11 and ex-
lent core: vertical and horizontal boundaries and their assd?ibit near power-law dependenceiti andPe onRa". The
ciated boundary layers are excluded. Each square has its a¥tuation is similar to Rayleigh-Beard convection; however,
erage subtracted and is multiplied by a cosinusoidal Hannin§) that case good agreement with power-law scaling is
window. Then, each is Fourier transformed separately, an@bserved:"while here small deviations are evident. We have
the nine are then averaged together to prods@ed). The chef:k_ed by refining our numerical mesh, _and t_hes_e small
one-dimensional concentration spectné(\k), and the an- deviations do not result from numerical discretization ef-

. .z . . . fects.
isotropicS(k, 6) are defined through the relationship A weighted linear least-squares fit is used to obtain the

- best power-law fits to the results, and the resulting straight
2 —
{c (r,t))—f dkdokS(k, 0) lines are included in the figure. Fitting parameters are listed

TABLE Il. Scaling fits: Pe=I"Ra*” and Nu=IIRa".

SIL Boundary conditions r y II ™

1/240 stress-free 0.0150.002 0.96:0.01 0.00230.0002 0.8720.004
1/20 stress-free 0.270.03 0.67%0.008 0.3:0.01 0.392-0.004
1/20 no-slip 0.35%:0.008 0.642-0.002 0.5%0.02 0.324:0.002
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FIG. 10. Nondimensional rms vertical velocity as a function of height, from
FIG. 9. The slope of the azimuthally averaged power spectra for several setmulations withs/L =1/20 and no-slip boundary conditions. Far from the
of experimental parameters. Graplas and (b) have a pumping velocity of  boundariesw, s is independent of.
0.1 mm/s, and grapfr) has a pumping velocity of 0.3 mm/s.

in Table 1. These Straight'line fItS cannot describe the Smal{er an |n|t|a| acce'eration’ drag ba|ances buoyancy for the
deviations from perfect power laws we mentioned above, bugjymes. If away from the boundaries there exigilumes of
the exponent values guide theoretical inquiry. We shall rethicknessa, velocity w,, and concentratio,, (all dimen-
visit deviations from perfect power laws below. siona), and these plumes are solely responsible for solute

In an attempt to understand trends in the results, i.e., thgansport, then fron{31) the vertical solute flux is given by
exponents in Table Il, we offer some simple scaling argu-

ments and observations. Following the physical structure of Nu~ Zn~ S Wb (32)
the flow, we segment our argument into two sections. First, 3 LA D’
consideration of plume dynamics in the turbulent core leads
to a scaling equation437—which is independent of the and from(?_) the balance between Hele-Shaw plume drag and
velocity boundary conditions. Next, we consider the concen-buoy‘?’lrle IS
tration dynamics within the concentration boundary layers | Ra* ¢
. " p p

separately for stress-free and no-slip boundary conditions. D "8 A (33

From Fig. 5 note that the mean concentration profile
(c) is virtually independent of height for fluid outside the Expressiong32) and(33) can each be reexpressed in terms
boundary layers. This means that throughout most of thef Pe and the rms value af at mid layerc,,s. Considering
layer, vertical advective transport dominates over diffusivethe solutal concentration and velocity inside plumes to domi-
flux. Second, following Castainet al,® we suggest that, af- nate that outside, we obtain from a horizontal rms average

8/L = 1/240 8/L=1/20 S/L=1/20
Stress Free Stress Free No Slip
4.0 ¥ 42 ,
3.8 1
g 3.6} |
_g% 34f ]
32} E
3.0
2.1
20f ]
F) 1.9} ]
g 18} ]
1.7 E
. 1.6 .
44 46 48 50 52 54 56 54 56 58 60 62 64 6.6 5.5 6.0 6.5 7.0

log,,(Ra*) log,.(Ra*) log,.(Ra*)

FIG. 11. Pelet and Nusselt numbers versus Rayleigh number for three sets of simulation parameters. The straight lines are best fits, weighted with the inverse
of the uncertainty in the dependent quantity. The fit parameters are listed in Table II.
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FIG. 12. 8/\ vs. (kyARa,) Y2 Through an appropriate combination of : :

variables, the two regimes depicted in Fig. 7 are removed. The line has slope 14 16 18 20 22
—1/2, as predicted by both the scaling argument in Section VI and the linear log,,(Nu)

stability analysis of the Appendix.

FIG. 13. Ra*Nu versusPe andn Pe versusNu, for the following simu-
lation parametersO, §/L=1/240 and stress-free boundari@®,s/L = 1/20
and stress-free boundaries; 8/L =1/20 and no-slip boundaries. The lines

Crms™ (Cp/A) YnA/L and similarly Pe~ (WpL/D) VNA/L, have slope 2, which is predicted for all the data@h but only the circles
which have been nondimensionalized in accord Wih-(9).  (filled and hollow in (b), as described in Section VI.
We therefore also have

2 Ra* .
NuwgcrmSPe and Pe~ —5Crms- (34  BynotingRa* « Ray(L/N)(8/\)?,n o ky L, andNu e L/\
for a cell of depthL, the flux-transport power-law af34)

As plumes leave the bounding surfaces, they possess chard@l!lows from (352- _ .

teristic plume velocitiesw, and concentrations,. When [For highRa" solutions, such as our simulated and ex-

conglomerates of plumes form channels, the channel conceR€limental flows, an assumption of a single solutal scale is
: v .

tration and velocity are characterized by the rms quantitie§°t valid (¢, depends upoRa*), and(35) will not represent

Pe andC,ms. the solute-flux law. In this case, we may combine the two

In the simplest scenario in which only one solute scalgtauations in34) to removec,ns:
(A) dominates the dynamics, plumes possess concentrations

indicative of the boundariex,~A/2. This might occur at 16 2
modest or lowRa*. In this casg32) and(33) reduce to NuRa ~ §P : (37)
nRa* wpolL  Ra* . .
Nu~ % and D~ 15" (35  This equation expresses a balance between buoyancy pro-

duction (on the left hand side, within a constant fagtand
Here we have used the substitutivesL/(2Nu). The Nus-  dissipation(on the right and could have been obtained by
selt number scaling i635) is in fact observed when consid- computing the volume and time average of the energy equa-
ering the linear stability of an isolated solute boundary layertion in the limit Nu>1* of course again assuming Hele-
see the Appendix. Figure 12 shows a result from the lineaBhaw drag to dominate 2D diffusive drag and also assuming
analysis of a solutal boundary laya#/\ versusk,ARay, channel dissipation to dominate plume or boundary-layer
wherek,, refers to the most unstable horizontal wave num-dissipation. We ploRa*Nu versusPe in order to tes{(37)
ber, A is the solutal boundary-layer thickness, andin Fig. 13a). Results from no-slip and stress-free simulations
Ra, =gBAN3/vD is the boundary-layer Rayleigh number. are displayed, without using multiplicative factors to make
The data points result from the stability calculation, whilethem overlap one another. The solid line has the predicted
the line has a slope of 1/2 and arbitrary normalization. The slope of 2. Fits to the results for each set of simulation pa-

straight line represents the results remarkably well for alFameters are listed in Table Il
values ofd/\ considered, giving Since the scaling foc, in the high Rayleigh number
case is unknown, we must obtain an additional relationship
5 .
2 (kAR 12 (36) to close t_he system_ dB_Z) and (33) [or equivalently(34)].
N We do this by considering details of the flow at the bound-
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TABLE Il Scaling fits for  comparison to  theory: 0.60F— . . . . .
Ra*Nu=0Pe’ and nPe=®Nu’. TR E
S/L  Boundary conditions 0 0 () b 0.50 _ _
1/240 stress-free 91 1.94+0.02 3.4-0.8 1.92-0.06 0.40 - e Simulation Profile 4
1/20 stress-free 51 204003 1.6-0.7 2.1+0.1 E /- - Analytic Profile
1/20 no-slip 1.20.1 2.06:0.01 32 2.2+0.1 o 0_30;— / ~
0.20F E

T
i

ary. Though we expect identical behavior in the Hele-Shaw 0.10f
limit 6<\, for 6>\ differences between no-slip and stress- i
free surfaces coultand dog result.

Because stress-free boundaries should be simpler than
no-slip, we shall treat them first. Figure 14 depicts the typical
solutal field near the bottom boundary. Immediately belowFIG. 15. Comparison of simulated and analytic concentration profiles. The
the image we have plotted the horizontal velocity at thesolid line is obtained fr(_)m a si_mulatiorR@* =_4.O><104 _with 6/L=1/20_

. and stress-free boundarjdsy horizontal averaging of an inter-plume region
stress-free surface. The image shows the bases of SeveE?Fength 0.16. The dashed line has the analytic form given(4d), with
broad down-flow channels that impact, then spread out alonge factordc/dz|,—o) measured over the inter-plume region to be 24.15.
the surface, sweeping buoyant boundary-layer plumes intbhe best-fit value of ¥/3/)*? is 19.8, while the value of this parameter
narrower upflows between channels. The flow-field patterbtained by averagindu/dx over the inter-plume region is 20.4.
depicted is quite stable for the stress-free simulations and
persists for long times without significant qualitative change.

If we take the stagnation point at the base of a falling channebiso compute an approximate solute-concentration profile.
as the origin x=0), the velocity field between upflows is Note that the stagnation-point velocity field we use differs
reasonably represented by the stagnation-point flowrom that in Shraiman and Siggia; they consider the viscous
u~xU// andw=~ —zU//,** whereU is the maximum hori-  sublayer of a turbulent shear profile, which is appropriate for
zontal velocity achieved at the boundary arids the half  Rayleigh-Bmard convection, but not for Hele-Shaw convec-
width of the downflow channelor region along the bound- tion. If we neglect horizontal gradients as small compared to
ary for whichu~xU//" is satisfied;, the quality of this ap- vertical gradientSterms involving horizontal gradients are
proximation is evident in the distribution ai along the  found to be smaller by at least a factor of ewe can rewrite
boundary(see Fig. 14 Furthermore, because the downflow (8) as follows:

channels spread out and cover most of the surface, we model
the concentration field in these regions only. i i

Following Shraiman and Siggf&we shall substitute our 3/7dz dZ
model of the velocity field in the concentration equati@h Evaluating (38) at z=A/L, using the estimates
to estimate the solute flux through the boundary. We shalyjc/qz~1/(2\) andd?c/dZ2~ —L%(2\2), we have

N \F
U 7, (39)

where we have useNu~L/(2\). We could also have ar-
rived at(39) by integrating(38) directly to obtain

000/ . . ‘ . . , ‘
0.00 002 0.04 006 008 0.10 012 0.14
z

(39

dec u,,
d—Z—Qoex;{ — 3,2 ) (40
and again to obtain
T 3 o { [V
;:, g c(z)= \/W 7erf< yz), (41
= - where Qp=dc/dZ|(,-) is equal toNu. Evaluating(41) at
0.0 0.2 0.4 0.6 0.8 1.0 z=\ leads again t@39). Figure 15 compare&1) with the

x/L results of simulation. Due to fluctuations, adequate measure-
FIG. 14. Relationship between the location of plumes in the lower half ofment ofy U737 is difficult and _'t is taken as a f'tt'ng param-
the cell and the structure of the horizontal velocity field for simulations with eter. The level of agreement is remarkable.
stress-free horizontal boundaries. The white regions in the image are plumes  |f we suppose the peak boundary velodityto be pro-
of less dgnse fluid and are associated with negative velocity gradients. pa:[?ortional to the channel Velocity" e, and further that the
heavy fluid moves downward between the plumes, and spreads out horizof- . » i
tally as it approaches the bottomR4* =3.2x 16° with &/L—1/20 and  Channel width 2”is 1h wheren is the number of downward

stress-free boundarigs. flowing channels, theb// « nPe Thus(39) becomes
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NucynPe (42 bl T T PO PR AW U RRR WA
304 & ro ro r

To test(42), we must evaluate. We do this by using the
fact that along the top and bottom boundaries plumes are
associated with regions of negati¥e/ 9x; see Fig. 14. Using ---- 100
the horizontal-velocity difference across each plume to
weight its contribution in a global horizontal average that

a plume associated with half the largest observed velocity
difference is counted as half a plum&e estimate the num- 20
ber of plumes along the cell boundaries by averaging the
results for a large number of instantaneous snapshots. The
resulting plot ofnPe versusNu is presented in Fig. 1B).
Though(42) is valid for stress-free boundaries, we also in-
clude results from no-slip solutions for comparison. Again,
no multiplicative factor has been used to make the simulation
results overlap each other; the solid line has the predicted 16+
slope of 2. Fits to the data are reported in Table Ill. Note that
deviations from pure power-law fits are significantly reduced
in Fig. 13 as compared to Fig. 11. The improvement suggests
the validity of (37) and(42): while individual variables such
asNu, Pe andn may not exhibit power-law scaling, appro-
priate combinations do.

Despite the disparity of the exponents fdu and Pe 0 L] L
reported in Table Il for stress-free solutions with T A —n—w"g e e
5/L=1/240 and 1/20, whenPe is plotted versudNu, the 00 04 08 0 1 2 3 4 -6-4 20 2

two sets of data are indistinguishable; see Fig. 13. On the

other hand, in spite of theearnessn the 6/L=1/20 expo- FiG. 16. Critical eigenfunctions of’, w’, andu’, for several values of
nents for no-slip and stress-free solutidgfiable 1), the two  &/\.

sets of data fall on notably distinct curves when constructing

the same plot comparing the(fig. 13. Of course the ex-

planation in this second case lies with the fact thaixhibits

different behavior for no-slip and stress-free. Video animay,gundary layer, where the gradient diffusion dominates. In
tion of the two cases reveals that the flow near the no-sligych a caseRa rather thanRa* is relevant to the solutal
boundary is qualitatively different from the stress-free casepgyndary layer. Then, we too expect a 1/3 law for the same
As we mentioned above, channels and channel footpoints afgasons argued by PriestleMu o« Ra3=Ra* Y3(L/8)23.
not continually aligned adjacent to no-slip boundaries. As arhjs is not to say that we expect Hele-Shaw convection to
result, no steady stagnation-point pattern can be assumed fggnave identically as Rayleigh-Bard convection. On the
purposes of analysis. Even if steady stagnation-point ﬂOVY:ontrary, experiment$ and simulation’ yielded an expo-
were justified, it would have a different form from that as- nent of 2/7 for turbulent convection rather than the value of
sumed for stress-free surfaces so that no-slip conditiong/3 that we suggest here for the Hele-Shaw case. The reason
could be satisfied. for the difference is the remarkable organizing nature of
While an approach similar to Shraiman and Sigdfals  plumes in the Rayleigh-Berd flow. In that case persistent
successful for stress-free conditions, the continuously changarge-scale shears are organized by the collective actions of
ing flow pattern for no-slip solutions possesses t00 muchyymes. In contrast, as we stated above, with no-slip bound-
time variability for a similar analysis. Instead we suggest arries ands>\, Hele-Shaw convection is disorganized with
approach like Priestley’s for high Rayleigh number con- channel footpoints becoming continually displaced from
vection with thin boundary layers separated by a muchheir associated channels. We suggest that the disorganiza-

deeper disorganized and turbulent core layer. If the turbulenjgn disrupts coherent communication between the top and
interior is sufficiently deep and disorganized, Priestley ar{ottom boundary layers.

gued that the boundary layers should not be able to commu- A 1/3 |aw for Nu implies a 2/3 law forP e through(37).
nicate information to each other; hence the boundary-layefpe no-slip fits in Table Il are close to these values; how-
thicknessk cannot know the depth of the full layér Thus,  ever, the error estimates are small enough that we observe

N#N(L). 43) that the agreement is not perfect. It may be that the no-slip

solutions are in a transition regime and that Priestley’s argu-

For Rayleigh-Beard convectionNu o« L/x andRax L®so  ments for fully turbulent flows do not apply. It may also be
that the only heat-transport equation satisfied48) is Nu  the case that Hele-Shaw convection requires a small correc-
« Ra'® For our no-slip simulations wité/L = 1/20, the so- tion other than the factorL{ 5)?. More study is required to
lutal boundary layer is entirely contained within the velocity be conclusive.
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VII. DISCUSSION zontal scale. Moreover, enhanced linear friction causes fur-
ther stabilization of channels. In order to see the most inter-

Although all of the fields in Hele-Shaw convection may esting flow evolution, the simulation will require still higher

be considered two-dimensional, the importance of the thirlRayleigh numbers and hence smaller scale numerical

dimension can not be overstated. No-slip boundary condimeshes. Employing boundary pumping in future numerical

tions in this direction exert their influence in the equations ofstudies would be useful botfi) to evaluate its role in the

motion through the inclusion of a linear friction term. As we experimental system ar(d) to increase the scale of the con-

have shown, dominance of gradient dissipation by linear friccentration boundary layers and the nonlinearity of the core

tion throughout the flow, excepting only no-slip velocity dynamics.

boundary layers, is responsible for several novel effects. Lin-
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conclusions follow because the dissipation—linear in the
velocity—outweighs the still present internal dissipation,ApPENDlX: STABILITY OF A HELE-SHAW
which depends on velocity gradients. We suggest, then, that OUNDARY LAYER
these manifestations of the three-dimensional nature of In the experiments and simulations wikL, the num-
physical flows will be observable in quasi-2D systems thaber of small boundary-layer plumes dramatically exceeds
are not convectively driven. that for strict 2D convectiofi.In order to better understand
With one notable exception, the model equations closelyhe role § plays in determining the number of small plumes
approximate our experimental system. The use of concentrajected from the boundary layer, we present here a linear
tion, instead of temperature, to drive convection solves thatability analysis of a boundary-layer-like concentration pro-
problem of satisfying no-flux boundary conditions at the sidefile in the semi-infinite domaiaz < [0,z..); we takez,, suffi-
walls. However, the limited diffusivity of the membranes at ciently large for the boundary-layer Rayleigh numifea,,
the horizontal boundaries forces us to employ pumping irand the associated eigenfunctions to converge. The perturbed
order to provide a well-defined concentration at the boundprofile is of the form
aries. Varying the level of the boundary pumping at a fixed
concentration difference amounts to varying the Nusselt c=tanhz. (AL)
number independent of the Rayleigh number. Although weHere z has been nondimensionalized with the boundary-
have not attempted to extract the full experimental velocitylayer thickness. Fluctuatiorss about this profile are zero at
field, the ability of the pumping to fix the Nusselt number the boundaryz=0. In essence this is the Rayleigh-Taylor
closes the scaling relations, and the scaling in the systenmstability for a hyperbolic-tangent profile in a Hele-Shaw
should be related in full by the dissipation equati8i). The = geometry. Considering stress-free boundary conditions, we
main observable effect of pumping is to enhance the conceralso takew’ =du’/dz=0 atz=0. Additional conditions are
tration of plumes: the rms concentration in the core can reacc’'/dz=dw’/dz=du’/dz=0 atz=z,, which ensures that
30% of the boundary concentration, while in the simulationssolutions may be consistently matched to the equivalent
this value never rises above 5%. The net result is increasdabundary-layer problem performed at the top boundary of
instability of plumes to tip splitting and an enriched dynami-the Hele-Shaw cell. We solvell) as before, using the nu-
cal structure(see Fig. 2 Further progress in the study of merical package NRKfor details see the discussion of the
Hele-Shaw convection will require either the inclusion of Hele-Shaw linear-stability problem in the main tgxtow-
boundary pumping in analytic and numerical investigationsgver, here note that nondimensionalization is carried out with
or further refinement of the experimental apparatus to rerespect ta\, the only length scale of the problem, riatfor
move the need for pumping. the semi-infinite domairL — . Therefore,Ra is now the
Because of the peculiar nature of the boundary condiboundary-layer Rayleigh numb&a,,=gBAN%/(vD), and
tions in the Hele-Shaw limit, our use of stress-free bound-y is similarly redefined. All other parameters are unchanged.
aries até/L=1/240 should provide the clearest insight into Figure 7 showdRa, andky\ at the minimum inRay,
the dynamics of the system in that limit. However, theseversusky,\ (wheredRa, /dk, =0) as a function ofs/\.
simulations can reach only a limited Rayleigh number. ThisFigure 7a) illustrates that the critical wave numbgropor-
will, in general, be a difficulty in numerical simulations near tional to the number of plumes formed at the boundary
the Hele-Shaw limit. AsS decreases, the number of plumeslayer scales with I (so thatky,\ =constant for <A,
increases, consequently driving the simulation to a finer horithen switches over t&, ~1/6 for 6>\. This explains the
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