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In this paper we present an overview of important recent results in the study of a very controv
topic, the so-called quantum chaos. The theoretical and numerical results are compared w
laboratory experiments with special emphasis on the problem of ionization of hydrogen ato
external microwave fields. ©1996 American Institute of Physics.@S1054-1500~96!01203-7#
f

The search for chaotic behavior in inherently quantum
mechanical systems has been an area of considerable a
tivity and interest recently. A potential case that is theo-
retically examined here is a simple kicked rotator. Al-
though a classical kicked rotator displays chaotic
behavior, it is shown that the quantum analog on average
follows the classical chaotic motion only for relative short
times. The possibility that similar behavior might be ob-
servable in a real system was explored by considering
experimental results for hydrogen atom ionization in a
microwave field. Although experiments results reported
to date do not display chaotic behavior, it may be possible
to tune conditions to observe chaos in this system.

I. INTRODUCTION

The modifications that quantum mechanics imposes
the general picture of classical chaos is a subject of grow
interest for its theoretical relevance as well as for differe
physical applications. As a matter of fact the study of no
linear dynamical systems has led to a much better und
standing of the rich complexity of the classical motion. O
particular relevance was the discovery of the determinis
chaotic motion, which is a type of motion indistinguishab
from a purely random motion, even if it is governed b
strictly deterministic laws. This motion is characterized
exponential instability of orbits with respect to initial cond
tions, which leads to exponential loss of memory, decay
correlations, and approach to statistical equilibrium.

The reason why the exponentially unstable motion
called chaotic is in that almost all trajectories of such a m
tion are unpredictable in the following sense: according
the Alekseev–Brudno theorem1 in the algorithmic theory of
dynamical systems the informationI (t) associated with a
segment of trajectory of lengtht is equal asymptotically to

lim
utu→`

I ~ t !

utu
5h, ~1!

whereh is the so-called KS~after Kolmogorov–Sinai! en-
tropy, which is positive for the exponentially unstable m
tion. This important result shows that in order to predict ea
new segment of a chaotic trajectory one needs additio
information proportional to the length of this segment a
independent of the full previous length of the trajectory.
means that this information cannot be extracted from
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observation of previous motion, even an infinitely long one!
Notice that if the instability is not exponential but, for ex-
ample, only a power law, then the required information per
unit time decreases inversely proportional to the full previ-
ous length of trajectory and, asymptotically, the prediction
becomes possible.

The exponential instability implies continuous spectrum
of the motion, which, in turn, implies correlation decay; the
latter property, which is called mixing in the ergodic theory,
is essential for the validity of the statistical description. In-
deed mixing provides the statistical independence of differ-
ent parts~sufficiently separated in time! of a dynamical tra-
jectory, and this is the main condition for the application of
probability theory.

The mixing property implies the approach, on average,
of any initially smooth distribution to a steady-state. This
process is calledstatistical relaxation. The relaxation is, of
course, time reversible, as is the motion along a particular
trajectory. However, unlike the latter, the evolution of the
distribution function is nonrecurrent. Notice that according
to the Poincare´ theorem the trajectory recurs infinitely many
times, independently of the type of motion~regular or cha-
otic!; the difference is that for regular motion the recurrence
time is strictly bounded from above, whereas in the latter
case arbitrarily large recurrence times are possible. The time
reversibility of the distribution function is related to its very
complicated structure, which becomes more and more
‘‘scarred’’ as the relaxation proceeds. In the case of the ex-
ponential instability of motion the spatial scale of the oscil-
lations decreases also exponentially in time. It is in these fine
spatial oscillations that the memory of the initial state is
retained forever, and this is only possible in a continuous
phase space.

However, the ‘‘true’’ mechanics of our world is quan-
tum mechanics and therefore as far as the general problem o
understanding the qualitative behavior of dynamical systems
is concerned, we need to discover the extent at which the
beautiful variety of classical chaotic motion persists at the
microscopic level, in the domain of quantum mechanics. The
interest of this problem lies in the foundations of quantum
statistical mechanics as well as in several applications, like
the distribution of nuclear and atomic energy levels, the in-
teraction of atoms with electromagnetic fields, the problem
of localization in disordered solids, the unimolecular reaction
theory, etc.
391.00 © 1996 American Institute of Physics
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392 Giulio Casati: Quantum chaos
Our intuition of quantum mechanics has been large
based on few exactly solvable models and on some appro
mate solutions of the Schro¨dinger equation. Since quantum
mechanics is strictly connected to classical mechanics,
may wonder if quantum mechanics is richer than simple p
turbative approaches may lead us to suspect. Preliminary
vestigations in this direction immediately unveiled a ver
deep difficulty related to the fact that the energy and t
frequency spectrum of any quantum motion, bounded
phase space, is always discrete. According to the exist
theory of dynamical systems such motion corresponds to
limiting case of regular motion.

The prompt conclusion, out of this difficulty, would be
the absence of any quantum chaos. For this reason it
even proposed the use of the term ‘‘quantum chaology2

which essentially means the study of the absence of chao
quantum mechanics. If the above conclusion were true
sharp contradiction would arise with the corresponden
principle, which requires the transition from quantum to cla
sical mechanics for all phenomena, including the new on
the dynamical chaos.

II. A MODEL OF QUANTUM CHAOS

In order to shed some light on the problem of quantu
chaos, we start with a very simple dynamical system, whi
exhibits classical chaotic motion, and compare its classi
and quantum evolution. It is very instructive to consider th
following simple, periodically perturbed system, the so
called kicked rotator:

H5
I 2

2
1k cosq (

n52`

`

d~ t2nT!. ~2!

This Hamiltonian describes a particle rotating on a ring wi
angular momentumI and subjected to periodic kicks of pe
riod T. Its dynamics is conveniently studied by looking at th
map that describes the evolution over one periodT. This map
defines a canonical transformation of the phase space~I ,q!
and is therefore area preserving. It is easy to see that
values (Ī ,q̄) just after one kick are connected to the value
~I ,q! after the previous kick, by the relation

Ī5I1k sin q,
~3!

q̄5q1 Ī T.

By iterating this mapn times, we obtain the solution at time
t5nT.

The map~3! is well known in the literature as the ‘‘stan-
dard map’’ or the ‘‘Chirikov map.’’ It has a very simple form
but it contains most of the complexity of classical dynamic
systems.3 Indeed fork50 the system is integrable,I5const,
and the orbits of the system in phase space are horizo
circles. When we turn on the perturbation, these invaria
curves remain, albeit in distorted form, and are gradua
destroyed by increasing the strength of the perturbati
These curves constitute impenetrable barriers for the orb
which means that the rotator energy remains confined in
vicinity of its initial value.
CHAOS, Vol.
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However, above a critical value,kT*1 all invariant
curves are destroyed. In such a situation two initially close
orbits separate exponentially, the phases go rapidly random
and the angular momentum,

I j5I 01k(
n50

j21

sin ~qn!, ~4!

being a sum of random terms, performs a random-like walk
Indeed it can be shown3 that the momentum distribution
function f (I ,t) of an ensemble of orbits at timet ~t is the
time measured in a number of kicks! is well approximated by
a Fokker–Planck equation,

] f

]t
5

]

]I S 12 D
] f

]I D , ~5!

where the diffusion coefficient in the discrete timet can be
obtained from~4! in the random phase approximation

D5
k2

2
. ~6!

Moreover, the ensemble average momentumĪ grows linearly
with time Ī'Dt. These qualitative predictions have been
very well confirmed by numerical experiments.

We turn now to the quantum description of model~2!,
which is obtained from the quantization ruleI→2 i\~]/]q!.
The quantum evolution is described by a unitary operato
that maps the wave functionc~q! immediately after one kick
to immediately after the next kick,

c̄~q!5Uc~q!5exp~2 i\21k cosu!expS i\T2 ]2

]u2Dc~u!.

~7!

The interesting point is how the quantum motion compares
with the classical motion, especially in the regimekT.1,
where the classical motion is chaotic. As already mentioned
one of the most important features of classical chaotic mo
tion is the exponential instability, which means that two ini-
tially close orbits separate exponentially with time. As a con-
sequence, theEhrenfest time scaletE , namely the time over
which a minimum uncertainity packet follows a classical or-
bit, must be very short. Indeed, let us consider two orbits tha
are initially in a region of phase space of area\. Their dis-
tance in phase, which at timet50 is of orderA\, increases
exponentially in time, namelydq~t!;\1/2 exp~lt!, wherel
is the so-called Lyapunov exponent. Then after a time
tE;~1/2l!ln~1/\! the distancedq is comparable with the
whole interval 2p, and therefore it is completely meaningless
to compare the evolution of the quantum packet with the
classical orbit. Therefore, for classically chaotic systems, the
time tE is very short since it increases only logarithmically as
\→0 @Figs. 1~a!–1~c!#.

What happens at later times? One may expect that th
evolution of the quantum packet will reproduce somehow the
evolution of the classical ensemble initially started in an area
;\ in phase space. In such a case the quantum excitatio
will mimic the classical, average, diffusive behavior. It was
therefore a big surprise when, several years ago, it wa
6, No. 3, 1996
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FIG. 1. A comparison between classical and quantum evolution in the kicked rotator forK55, k525, andT50.2. The initial quantum state is a coherent
packet. As to the classical evolution we considered 2000 trajectories starting in the same area, of size\~51!, occupied by the initial quantum state. In the
following figures~b!–~f!, the dots represent the classical trajectories while the curves are level curves of the Husimi distribution. For each figure, ta
different times, we divide by 8 the maximum value of the Husimi distribution and then plot the seven level curves.~b! t52; ~c! t53; ~d! t510; ~e! t5100;
~f! t51000. From this figure, as well as from Fig. 2, the quantum localization phenomenon is clearly evident.
CHAOS, Vol. 6, No. 3, 1996
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394 Giulio Casati: Quantum chaos
found4 that the quantum motion mimics the classical on
only up to a given timetD , while, for t.tD , the quantum
diffusive motion, unlike the classical, stops and enters a s
tionary oscillatory regime@Figs. 1~d!–1~f!, Fig. 2#.

We have now a quite satisfactory understanding of th
phenomenon, even if a rigorous mathematical proof is s
lacking. At the informal level one may say that, in the cla
sical case, the evolution of the initial ensemble develops
separate independent orbits. In the quantum case instead
different dynamical possibilities interfere, and this leads
the suppression of the diffusive process. A quantitative e
mate of thediffusive time scaletD was obtained in Ref. 5 on
the assumption that the quasienergy spectrum~i.e., the Flo-
quet spectrum! is discrete. The idea is that according t
Heisenberg uncertainity relations the quantum motion fo
lows, on average, the classical motion up to a time of t
order of the inverse of the average quasienergy levels sp
ing. This estimate gives5 tD'D/\2.

To summarize, for classically chaotic systems, a coh
ent state follows a classical orbit only for a very short tim
tE;ln~1/\!. For tE,t,tD the quantum motion follows the
classical only in the average. The diffusive timetD is much
larger thantE and grows to infinity as 1/\2. For t>tD the
system reaches a steady state characterized by the mom
tum probability distribution@Fig. 2~b!#,

f ~n!'
1

l
expS 2

2un2n0u
l D .

To be more precise, it is necessary to mention that the ab
is the ‘‘typical’’ behavior. For particular, resonant values o
periodT the behavior is completely different. Indeed it ca
be shown that ifT is a rational multiple of 4p/\ then the
quantum rotator energy increases liket2. However this ex-
ceptional, resonant behavior is a quantum phenomenon
has no classical analog.

FIG. 2. Classical and quantum diffusion in the standard map for the sa
parameters of Fig. 1.~a! Classical~solid curve! and quantum~dotted curve!
unperturbed energŷn2(t)&52E as a function of timet ~number of map
iterations!. ~b! Classical~solid curve! and quantum~dashed curve! probabil-
ity distribution after timet51000. The stars give the Husimi distribution
integrated over the angleq.
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We would like to remark also that thedynamicallocal-
ization must not be confused with theperturbativelocaliza-
tion. Indeed, as is well known, in the perturbative regime, f
small k, the populationP(m) on unperturbed statesm cor-
responds to exponential distribution with localization leng
l;1/uln ku. This has to be compared with dynamical localiza
tion in which l;D;k2/2. A numerical check is presented in
Fig. 3.

We think that the conception of characteristic time scal
of quantum dynamics is a satisfactory resolution of the a
parent contradiction, with the correspondence principle me
tioned in the Introduction. Some physicists, however, fe
that such an explanation is, at least, ambiguous becaus
includes two limits that do not commute:

lim
utu→`

lim
\→`

Þ lim
\→`

lim
utu→`

.

While the first order leads to the classical chaos, the seco
one results in an essentially quantum behavior with no cha
at all. The general structure of quantum dynamics on t
plane (\,t) is outlined in Fig. 4.

The limit utu→` is related to the existing ergodic theory
which is asymptotic int. Meanwhile the new phenomenon o
quantum chaos requires the modification of the theory to
finite time, which is a difficult mathematical problem still to
be solved. On the other hand, the practical importance
statistical laws even for a finite time interval is in that the
provide a relatively simple description of theessentialbe-
havior for a very complicated dynamics.

In any event, if quantum mechanics is the univers
theory, as commonly accepted, then the phenomenon of
‘‘true’’ ~classical-like! dynamical chaos, strictly speaking

me

FIG. 3. Localization lengthl of the stationary distribution as a function of
the parameterk. The dots are obtained from the numerical integration of th
quantum map. Each dot gives the average value of lnl over 11 different
very close values ofk. The dashed line is the theoretical estimatel5k2/2
obtained in the localization regime~k>1!. In the perturbative regimek,1,
a fitting of numerical data givesl5a/uln bku with a'1.11,b50.29.
6, No. 3, 1996



he
es

er

n
e

n
re
re
n,
gly

e

y

,
-
n-

to
c-

o-

m

395Giulio Casati: Quantum chaos
does not exist in nature. Nevertheless, the conception
‘‘true’’ chaos is very important in the theory as the limiting
pattern to compare with the real quantum chaos.

III. EXPERIMENTAL EVIDENCE

The next question now is whether the interesting ph
nomena described above are a general occurrence in q
tum mechanics and not a peculiar property of the particu
model chosen, namely the kicked rotator. Another interest
question is whether or not the quantum suppression of cl
sical chaotic diffusion can be observed in real laborato
experiments.

One of the most significant cases where classical a
quantum chaos confronted each other was in the explana
of an experiment on Hydrogen atoms, first performed
1974 by Bayfield and Koch.6 Single atoms prepared in very
elongated states with high principal quantum numb
~n0'63–69! were injected into a microwave cavity and th
ionization rate was measured. The microwave frequency w
9.9 GHz, corresponding to a photon’s energy well below t
ionization energy of level 66 and even lower than the tra
sition from state 66 to 67. Much surprise therefore followe
the discovery that a very efficient ionization occurred whe
the electric field intensity exceeded a threshold value
about 20 V/cm~for n0566!, much lower than the static Stark
value. More surprisingly, a numerical simulation7 showed
that classical mechanics could reproduce quite well the
perimental data. The subsequent analysis,8 still in classical
terms, of a related model of an electron trapped by the ima
charge on liquid helium, explained the threshold intensiti
as critical values for the onset of chaotic diffusion in actio
space. A condition for the occurrence of full chaotic diffu
sion is that the microwave frequency is greater than the f
quency of the electron’s motion, namelyvn0

3.1. However,
the hydrogen atom is a quantum object: The quantum m
chanical evolution was investigated in the one-dimensio
approximation,9 and forvn0

3.1 was predicted an ionization

FIG. 4. Time scales of classically chaotic quantum motion: cur
1—random time scaletE;ln q; curve 2—relaxation time scaletD;qa;
q@1 is the quasiclassical parameter.
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threshold higher than the classical value, to overcome t
occurrence of quantum localization. This effect vanish
while approaching the main resonant regionvn0

3'1, and this
may explain why classical mechanics works so well at low
values ofvn0

3.
The dimensionless classical Hamiltonian for a hydroge

atom interacting with a time-periodic microwave field in th
dipole approximation is

H~z,p,t,!5
p2

2
2
1

r
1ez cos~vt ! ~z>0!. ~8!

The unperturbed Hamiltonian describes both bounded~with
negative energy! and unbounded motions. As it was show
in Ref. 10 the main qualitative features of the motion a
given by the one-dimensional model; moreover, since we a
interested in exploring the dynamics that precedes ionizatio
we confine to negative energies, and introduce accordin
action-angle variables~n,u!, thus obtaining

H52
1

2n2
1ez~n,u!cosvt. ~9!

By integrating the equations of motion over one period of th
unperturbed orbit, in first order ine, we obtain an approxi-
mate map for the canonical variables~n,f!, where
n5E/v521/2n2v is the number of photons exchanged b
the atom with the field andf is the field phase at
perihelion.10

A linearization of the map around the initial value
n0521/2n0

2v yields, once again the Standard map:10

n̄5n1k sin f,
~10!

f̄5f1Tn̄,

wherek'2.6e/v5/3 andT56pv2n0
5.

In spite of the various simplifications so far introduced
the map~10! still gives a good description of the mean be
havior of the system and allows interesting conclusions. I
deed, the conditionkT'1 gives the threshold for transition
to classical chaos leading to fast ionization:

ec '
1

50n0
5v1/3. ~11!

In the corresponding quantum model we expect similarly
the kicked rotator, exponential localization of the wave fun
tion in n. After the relaxation timetD the system reaches the
steady state

g~n!'
1

l s
expS 22

un2n0u
l s

D , ~12!

where the predicted localization length in the number of ph
tons is

l s'
k2

2
'3.3e2v210/3,

and equals the diffusion coefficient inn space. Ifl s is greater
than the number of photons required to ionize the ato

ve
6, No. 3, 1996
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396 Giulio Casati: Quantum chaos
l s>(2vn0
2)21, then localization cannot prevent ionizatio

This condition leads to thequantum delocalization border,

eq'0.4v7/6n0
21. ~13!

Unexpected though these predictions may have been at
first appearance,9,10 they were confirmed by recent exper
mental results on the microwave ionization of hydrog
atoms.11,12It was found that experimental and numerical da
fairly well agree with localization theory and at the sam
time appreciably deviate from classical predictions~Fig. 5!.

The experiments described in Ref. 12 were precisely
signed for the purpose of checking localization theory; a
matter of fact, special care was taken in order that numer
computations could simulate as closely as possible the
perimental conditions. Therefore, they provide experimen
evidence of the quantum suppression of the classically c
otic diffusion due to the localization phenomenon.

IV. STABILITY OF HYDROGEN ATOM IN STRONG
EXTERNAL DRIVING FIELD: THE MAGIC MOUNTAIN

From the theoretical and experimental results presen
in Fig. 5 one naturally expects that by increasing the int
sity of the external field a larger and larger fraction of t
atoms will be ionized until complete ionization takes plac
By further increasing the field one expects this process to
even faster. However strange it may seem, this expecta
turns out to be false! A careful analysis of the classical m
tion shows that at very high field values the atoms beco
stable again. For details we refer to original papers13–15 ~see
also Ref. 16!. It is, however, instructive to present an intu

FIG. 5. A comparison at identical parameter values of experimental
quantum-mechanical values for the microwave field strength for 10% i
ization probability, as a function of microwave frequency. The field a
frequency are classically scaled,v05n0

3v and e05n0
4e. Ionization includes

excitation to states withn aboven̄. The theoretical points are shown as sol
triangles. The dashed curve is the one drawn through the entire experim
data set shown in Fig. 2. Values ofn0, n̄ ared, 64, 114;3, 68, 114;s, 71,
114;h, 76, 114;h, 80, 120;n, 86, 130;1, 94, 130;L, 98, 130. Multiple
theoretical values at the samev0 are for different compensating experimen
tal choices ofn0 andv. The dotted curve is the classical chaos border. T
solid line is the quantum 10% threshold according to localization theory
the present experimental conditions.
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tive explanation of this apparent paradoxical result. If o
rewrites the Hamiltonian~8! in cylindrical coordinates one
obtains

H5
pz
2

2
1
p%
2

2
1

m2

2%22
1

A%21z2
1ez cosvt, ~14!

where z is the direction of the linearity polarized extern
field andm is the projection of the angular momentum on t
field direction. For large values ofe and%, the z motion is
dominated by the driving fieldz;~e/v2!cosvt. One can then
perform an average over thez motion and look on the%
motion, which will be described by the average Hamiltoni

H̄5
p%
2

2
1

m2

2%2 1
2v2

pe
lnS %v2

e D . ~15!

The position of the minimum of the potential in~15! in-
creases with the field; the physical reason is quite clear:
large amplitude of field oscillations leads to a decrease o
attractive Coulomb force while the centrifugal potential
mains the same. Obviously the averaged Hamiltonian~15!
gives a good description of the real three-dimensional~3-D!
motion if the frequencyV;v2/em of the oscillations inr is
much less than the external frequencyV!v. This condition
leads to the stabilization border

e.estab5d
v

m
, ~16!

whered is a numerical constant. In order to check the ab
estimates we investigated the process of ionization of
classical atom by numerical solution of the exact Ham
tonian system~14!. The initial distribution of classical trajec
tories was chosen to model a quantum state with fixed va
of principal quantum numbern0 ~action!, orbital momentum
l , and its projection on the field directionm ~magnetic quan-
tum number!. Therefore the classical trajectories had
same initial value ofn,l ,m, and the phases conjugated ton
and l were homogeneously distributed in the interval@0,2p#.
The field was smoothly switched on and off during a num
of field periodsTsw5v0, and the total interaction time~num-
ber of field periods! was chosen asTint5500v0 ~so that the
physical interaction time was always fixed and equal to
unperturbed periods of the electron!. Different values ofv0
were considered, fromv051 up tov0530. We numerically
investigated the dependence of the ionization probab
Wion ~or stabilization probabilityWstab512Wion! on the field
strengthe. The ionization probabilityWion was determined a
the relative number of trajectories with positive energy a
the field pulse~the total number of trajectories for each r
was taken equal to 100!. The numerical results forWstabare
presented in Fig. 6. The most remarkable fact is the app
ance of a large fraction of nonionized trajectories with
creasing field intensity.

Notice that the stabilization border~16! is relevant only
if vm3,3. Indeed, in the opposite case the electron pa
sufficiently far from the nucleus and the change of ene
during these passages are exponentially small and atom
main stable up to very high fields.13,14 This fact is in agree-
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397Giulio Casati: Quantum chaos
FIG. 6. Dependence of stabilization probabilityWstab~Wstab512Wion! on
field strengthe0 for v051~* !, 3~1!, 10~L!, and 100~n! with initial values
m/n50.25, l /n50.3. The interaction time is equal to 500v0 field periods.
~Sets of numerical points are jointed by segments to guide the eye.! For the
casev051 we have computedWstab also for smalle0 down to the chaos
border.

FIG. 7. The stability borders for Hamiltonian~1! at fixed v50.001 and
m50.4. The lower curve is the usual chaos borde
e0'1/50v0

1/351/50(vm3)1/2(m0/v0)
1/4. For smallv0 this border approaches

the usual static bordere0'0.13. The ‘‘magic mountain’’ of stability is de-
limited from below by the stabilization bordere0'12~v0/m0! and from
above by the destabilization bordere0'~16L/p!~v0/m0!

2 with L
5 ln(A2/ep(Ae0/v0m0)). The border below which the Kepler map descrip
tion is valid is given, in the present case, with fixedm andv, by the line
e050.2~v0/m0! ~not drawn in the figure!. the present picture is drawn at
fixed v andm. If instead we keepn0 fixed, then the system will always be
stable in the region to the right of the dotted vertical line given byv0m0

353.
CHAOS, Vol. 6
ment with the numerical simulations. In Fig. 7 we present
general picture of the stability diagram in the~e0,v0/m0!
plane. The most impressive result of our analysis is t
‘‘magic mountain’’ of stability in the upper rightmost part of
the figure that emerges from the chaotic sea and, com
from infinity, approaches, but does not touch, the famili
territory of KAM stability. The latter is delimited by the full
curve in the lower part of Fig. 7. Quite obviously the detai
of the classical motion depend separately on all paramet
m,e,v, as well as on the initial conditions, however Fig.
gives the correct main qualitative behavior.

One of the important conclusions of our investigations
that stabilization can be obtained not only when the size
the electron oscillationsa5e/v2 is larger than the size of the
atom 2n0

2, but also in the other limiting case whena!n0
2.

Our conclusion differs from other results17 in which stabili-
zation is predicted to occur only whena is larger than the
size of the atom. Also, a condition considered as necess
for stabilization is that the external frequency is larger tha
ionization energy. According to our results stabilizatio
takes place even for\v0 much less than the coupling energy

A point we would like to stress is that the Rydberg sta
bilization presented here is a very interesting phenomen
which we consider more important than the stabilization
atoms in very strong fields, with field strength and frequen
larger than the corresponding atomic values~e,v@1!. The
reason is that in such large fields the ground state is stron
modified and therefore the frequency of transitions betwe
states of a stabilized atom cannot be larger than the ato
unit of energy. Instead, in the case of Rydberg stabilizatio
the field, which is strong enough to stabilize the Rydbe
state, does not modify the ground state, sincee!1,v!1, and
it acts as a small perturbation. Therefore the electron ene
in the ground state remains approximately the same as
the unperturbed atom while in the Rydberg stabilized sta
the electron energy can be very high due to fast oscillatio
in the driving field. Indeed the difference in energy betwee
these two states is of the order ofe2/v2. For example, for a
CO2 laser withv'1/300 ~0.1 eV! stabilization of the Ryd-
berg state withn0540,m52 takes place fore;23108 V/cm
and the transition frequency between the stabilized Rydb
state and the ground state is;1000 eV. It would be very
important to estimate the transition rate for the above rad
tive process. However, we think that this rate will be com
parable with the transition rate in the normal Rydberg ato
since the size of the atom is the same as for the unpertur
Rydberg statea5e/v2&2n0

2.
The possibility of radiation of photons with very high

energy makes Rydberg stabilization a very interesting ph
nomenon.

V. CONCLUSION: SOME RANDOM REMARKS ON
QUANTUM CHAOS

So far there is no common agreement, even amo
physicists, as to the definition of quantum chaos. T
classical-like definition related to the exponential instabili
is completely not adequate since such chaos is possible o

r

-

, No. 3, 1996



-
it
e

-

l
s

st
i-

e
m

.

,

t.

398 Giulio Casati: Quantum chaos
in very exotic examples and does not describe the typi
quantum behavior. On the other hand, the most popular d
nition, as some specific quantum properties for classica
chaotic systems, seems to us also unacceptable~and even
somewhat helpless! from the physical point of view. For ex-
ample, such a ‘‘chaos’’ may happen to be a perfectly regu
motion in the case of perturbative localization discussed
this paper.

It is quite natural in physics, unlike mathematics, first
study a new phenomenon, like dynamical chaos and only a
later stage, after understanding it sufficiently, to try to cla
sify it, to find its proper place in the existing theories an
eventually to choose the most reasonable definition.

In attempts to construct such a reasonable definition
quantum chaos, we would like to emphasize the most str
ing peculiarity of this phenomenon as discussed abo
namely that all statistical properties of classical dynamic
chaos are present in quantum dynamics but only within
stricted and different time scales. Therefore quantum ch
is ‘‘ finite-timedynamical chaos.’’ It is a new phenonemo
that reveals the intrinsic complexity and richness of the m
tion with a discrete spectrum~which has been considered
since long ago as the most simple and regular!. This is true
also for classical linear waves, but the linearity of quantu
equations is not an approximation as in classical physics
a fundamental and universal physical property.

The practical importance of statistical laws, even for
finite time interval, is in that they provide a relatively simpl
description of theessentialbehavior for a very complicated
dynamics. The existing ergodic theory of dynamical syste
that is asymptotic in time looks inadequate to properly d
scribe this new phenomenon. A new ergodic theory is
quired that could analyze the finite time statistical properti
of dynamical systems.

Also, we would like to make a few comments on th
problem of quantum measurement. The studies in quant
chaos suggest that it may have a close relation to this pr
lem. First the measurement device is by purpose a mac
scopic system for which the classical description is a ve
good approximation. In such a system the true chaos w
exponential instability is quite possible. The chaos in t
measurement classical device is not only possible but
avoidable since the measurement system has to be, by
pose again, a highly unstable system; indeed, a microsco
CHAOS, Vol.
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intervention produces here the macroscopic effect. The im
portance of chaos for the quantum measurement is in that
destroys the coherence of the initial pure quantum state to b
measured converting it into the incoherent mixture. In the
existing theories of the quantum measurement this is de
scribed as the effect of the external noise.18 The chaos theory
allows to get rid of the unsatisfactory effect of the externa
noise and to develop a purely dynamical theory for the los
of quantum coherence.19 Unfortunately this is not yet the
whole story. Indeed, besides the loss of coherence the mo
important effect of the quantum measurement is the redistr
bution of probabilitiesucu2 according to the result of the mea-
surement, the famousc-collapse, which remains to be ex-
plained. It seems that any dynamical explanation of th
c-collapse requires some changes in the existing quantu
mechanics and this is the main difficulty both technical and
philosophical.
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