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From Hamiltonian chaos to Maxwell’s Demon
George M. Zaslavsky
Courant Institute of Mathematical Sciences, New York University, 251 Mercer St., New York,
New York 10012 and Department of Physics, 2-4 Washington Pl., New York, New York 10003

~Received 3 April 1995; accepted for publication 17 July 1995!

The problem of the existence of Maxwell’s Demon~MD! is formulated for systems with dynamica
chaos. Property of stickiness of individual trajectories, anomalous distribution of the Poin´
recurrence time, and anomalous~non-Gaussian! transport for a typical system with Hamiltonian
chaos results in a possibility to design a situation equivalent to the MD operation. A nume
example demonstrates a possibility to set without expenditure of work a thermodynam
non-equilibrium state between two contacted domains of the phase space lasting for an arb
long time. This result offers a new view of the Hamiltonian chaos and its role in the foundatio
statistical mechanics. ©1995 American Institute of Physics.
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I. INTRODUCTION

Maxwell’s Demon~MD! was described by Maxwell in
his book ‘‘Theory of Heat’’~1871! and represented a rath
simple, as it seemed, device. Two chambers,A andB, are
separated by a division with a small hole in it~Fig. 1!. Po-
sitioned at the hole the demon allows swifter molecules
pass from chamberA to B and slower molecules to pa
from B to A. After a while chamberA will contain mainly
swifter molecules, whereas chamberB— slower ones. This
implies the appearance of temperature difference withou
penditure of work and contradicts the Second Law of Th
modynamics.

Since the time it was invented, MD has experienced
peated shocks; the demon has been exorcized and summ
many times. The history of MD can be readily traced from
recent publication of a collection of the major articles
voted to MD in Ref. 1. The introduction written by the ed
tors of this book gives a good outlook of the evolution of
MD concept and the contemporary views of MD. At pres
the concepts of MD’s design utilize not only the laws
thermodynamics2,3 but also some ideas of the informatio
theory,4,5 computer operations,6,7 and the quantum nature o
recognizing and handling the molecules that pass throug
hole in the division.8

The purpose of this paper is to reconsider the idea
MD using contemporary concepts of dynamical chaos in
design of the Demon. At this point we would like to return
the year 1871 and to quote Maxwell himself: ‘‘In deali
with masses of matter, while we do not perceive the in
vidual molecules, we are compelled to adopt what I h
described as the statistical method of calculations, an
abandon the strict dynamical method, in which we foll
every motion by the calculus.’’9 We emphasize that to crea
a device operating within the laws of thermodynamics,
should~according to Maxwell! abandon the idea to trace th
trajectories of individual particles, i.e. to abandon the us
purely dynamical laws.

Boltzmann’s kinetic theory10 should be considered th
first successful attempt to unite in a formal way the statist
and dynamical description of a system. Boltzmann’s cont
poraries did not really understand that his idea was ba
essentially upon the existence of two different scales in t
CHAOS 5 (4), 1995 1054-1500/95/5(4)/653/9/$6.00
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and space, the smaller onetc applicable to a purely dynami
cal process of collisions, and the larger onetd@tc applicable
to the statistical process of the system’s evolution descri
by a kinetic equation. The resulting equilibrium distributio
provided it exists, corresponds to the thermodynamical s
although non-equilibrium states are also possible.

Boltzmann’s ideas, his kinetic equation and H-theore
were not appreciated by his contemporaries and were c
cized, in particular, by Zermelo.11 Only after Boltzmann’s
death, when a thorough statistical analysis of his theory
been made by Ehrenfest and Ehrenfest12 and also the first
numerical analysis had been performed~‘‘urn model’’ of
Ehrenfest!, the validity of Boltzmann’s ideas was acknow
edged. The critical comments by Zermelo known
Zermelo’s paradox were based on Poincare´ Recurrence
Theorem13 and contained flawed statements which are wo
discussing~see Section II and also Ref. 14!.

In the following years many scientists were concern
with a problem of statistical physics foundation. This pro
lem can be briefly formulated as follows: how~and in which
form! to obtain the system’s kinetic description based on
first principles, i.e. based on the system’s Hamiltonian a
possibly on some accurately formulated supplementary c
ditions. This has been successfully achieved in differ
ways and with varying degrees of generalization~see Refs.
15–18; there are, however, many other publications that
relevant!. In these works the random phase approximati
the Gaussian nature of collision microprocesses, or equ
lent conditions played the role of the statistical elem
which had to be added to the Hamiltonian dynamical eq
tions to obtain a kinetic equation. The averaging over mic
random variables resulted in a reduced description of a
tem in the space of generalized actions or moments.

The theory of dynamical chaos has changed the view
the possibility of statistical laws foundation, since the d
namical trajectories, being the solutions of the determini
equations of motion, may resemble the curves representi
random process. As he analyzed the foundations of quan
mechanics, Einstein made a well-known remark, ‘‘G
doesn’t play dice with the world.’’19 Now we can add to
those words that from the standpoint of classical phys
only, God does not have to play dice, since dynamical eq
653© 1995 American Institute of Physics
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654 George M. Zaslavsky: From chaos to Demon
tions can themselves give rise to stochastic processes if
tain simple restrictions for the parameters and initial con
tions are applied. The use of the dynamical cha
phenomenon for statistical physics foundation started w
Krylov’s work20 and continued for classical and quantu
physics.14,21,22 Strictly speaking the presence of dynamic
chaos in a system is not sufficient for the foundation of
statistical physics laws, or, more accurately, this foundat
has not been built so far. The major obstacles in substan
ing statistical laws are how the dynamical chaos is structu
in real Hamiltonian systems and what the real kinetics
such systems looks like. It was shown in Refs. 23–25 t
kinetic description can be presented~at least over a suffi-
ciently long time interval!, as a fractional generalization o
Fokker–Planck–Kolmogorov equation which does not p
sess the properties of a regular kinetic equation. The dif
ence between the real Hamiltonian chaos and the con
tional understanding of the laws of statistical physics can
demonstrated using the concept of MD, which is the m
purpose of this paper. It will be demonstrated that MD can
realized in the conditions of dynamical chaos for, at least
arbitrarily long period of time.

II. POINCARÉ RECURRENCES

According to Poincare´ Recurrence Theorem a trajecto
of a Hamiltonian with system finite motion, having start
from some small areaA, returns to this area the infinit
number of times. LetTj be a time interval between th
( j21)-th andj -th return. The variableTj is an element of an
infinite sequence:

$T%[T1 ,T2 , . . . , ~2.1!

and will be referred to as a recurrence time.
In his critical comments11 Zermelo assumed that recu

rences occurred quasiperiodically which should have con
dicted Boltzmann’s H-theorem about the enthropy increa
Boltzmann rightly argued that for a large number of partic
this time would be astronomically long. Unfortunate
Boltzmann’s argument can not be used for the systems
dynamical chaos, since the latter is possible in the syst
with as little as two interacting particles. For that reason
were compelled to make a more thorough analysis of
problem of Poincare´ recurrences.

In fact, neither quasiperiodical recurrences nor any inf
mation at all about the nature of the$T% sequence~2.1! fol-
lows from Poincare´ Recurrence Theorem. In conditions

FIG. 1. A sketch of the original Maxwell’s Demon design.
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dynamical chaos the sequence~2.1! is random, and it is pos-
sible to raise the question of the probability distribution f
recurrence timef (T) which has to be normalized

E
0

`

f ~T!dT51. ~2.2!

The properties off (T) has been studied for a number
models of dynamical chaos26–29and in ‘‘normal’’ conditions
which will be explained below,

f ~T!5~1/̂ T&!exp~2T/^T&!, ~2.3!

where^T& is an average recurrence time.29 For the simplest
cases one can show that

^T&51/h, ~2.4!

whereh is Kolmogorov–Sinai entropy~see the example in
Ref. 29!.

The results~2.3!, ~2.4! can be qualitatively explained in
the following way. It is known for systems with dynamica
chaos that the number of periodical orbits with period le
thenT is asymptotically equal30 to the following:

N~T!;exphT ~T→`!. ~2.5!

If recurrence time is very large, a cycle of the unstable pe
odical curve differs only slightly from the random non
periodic curve that returns to a small areaA. Indeed, let us
consider a Poincare´ cycle for the return to the small areaA
~see Fig. 2!. An open cycle can be turned into a closed o
by an exponentially small stirring of the initial condition
The formula~2.5! demonstrates that there is an infinite num
ber of ways for closing the trajectory. ThereforeN(T) is
proportional to the envelope phase volume for the period
orbits with a period<T. Hence the probability density o
appearance of an orbit with a given periodT is

P~T!;const/N~T!, ~2.6!

and this should have the same magnitude as the probab
density of the recurrencef (T). Substituting~2.6! into ~2.2!
we obtain~2.3!, ~2.4!. In fact, the distribution of the recur
rences time has a more complex structure because the
systems with dynamical chaos are not equivalent to, for
stance, a system of the Sinai’s billiard type. The phase sp
of a dynamical system is strongly non-uniform. Within are
with chaotic dynamics there are islands which are not p

FIG. 2. Poincare´ recurrence.
, No. 4, 1995
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655George M. Zaslavsky: From chaos to Demon
etrated by the trajectories from the chaotic area. The bord
of the islands are sticky, i.e. having gotten into a very narro
band at the border, the trajectory gets stuck there for a lo
time ~Fig. 3!. As will be demonstrated below, this property o
trajectories crucially influences the large time-scale asym
totics.

III. ERGODICITY AND STICKINESS

The idea that Poincare´ used to prove his theorem of re
currences is rather simple and is based on the phase volu
preservation for Hamiltonian systems. We would like to giv
a brief reminder of it, as this will help in understanding th
possible consequences of stickiness. Consider a small are
the phase spaceA with volumeGA . For simplicity we can
say that withinA there is always an areaA1 with volume
GA1

consisting of particles that leaveA within a limited time
period t1 , since otherwise it would not have been necessa
to prove the return of particles. Similar reasoning can
used in considering the exit of particles from the areaA1

which should occur within a certain time periodt2 . Hence
the particles assume a new position, i.e. the areaA2 with
volumeGA2

5GA1
Þ 0 andA1ùA250, since otherwise the

particles accumulate inA1 . If the particles performing a fi-
nite motion, never return to the initial areaA, then
GA1

1GA2
1•••5` because allGAi

are equal, which contra-
dicts the condition of finiteness of motion. Hence the partic
must return toA in a finite timeT. The above reasoning
demonstrates that a return time can not be less than an
time from the areaA which can be measured relatively eas
ily. Let c(t)dt be the probability that a particle exits the
area A in a time t which falls within the interval
(t,t1dt). Then the probability of the particle exiting the
areaA in the time<t is

Fe~ t !5E
0

t

c~t!dt; Fe~`!51 ~3.1!

~escape probability!; and the survival probability is

Fs~ t !5E
t

`

c~t!dt512E
0

t

c~t!dt512Fe~ t !;

Fs~`!50. ~3.2!

For the dynamical processes considered in Section II
magnitudec(t); f (t) and, consequently, decreases exp
nentially with time. However, the stickiness phenomenon c
lead to a totally different pattern of returns or escapes. N
merous simulations23,26–38 as well as the analysis of some
simple models point at the existence of asymptotics,

FIG. 3. A sketch of an orbit that gets stuck.
CHAOS, Vol. 5,
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c~ t !;t2b21 ~b.0,t→`!, ~3.3!

in real models of Hamiltonian chaos. In this case the form
las ~3.1!, ~3.2! result in the following possibilities for the
survival timets :

ts[E
0

`

tcs~t!dt'E
0

const

tcs~t!dt1E
const

` tdt

tb11

5H const, b.1,

lnt→`t, b51,

`, b,1.

~3.4!

In the caseb<1 the average survival timets is infinite. This
result seems to have never been seriously discussed in t
of the Poincare´ Recurrence Theorem. To avoid a seemi
discrepancy one should understand the difference betw
individual events themselves and the frequencies of their
currence~i.e. the probabilities!. This is what Maxwell re-
ferred to in the quote given in the Introduction. Although
particle always returns to the initial area within a finite p
riod of time ~Poincare´ Theorem!, the frequencies of recur
rence times can be such that an average recurrence timt rec
will be infinite (t rec.ts5`).

The existence of random processes with infinite m
ments, starting from a certain one, has been known since
St. Petersburg’s paradox of Bernoulli was introduced~see,
for example, Ref. 39! and has been studied for a vast class
phenomena known as Le´vy’s processes.40 One can get a
good idea of these processes by considering Weierstrass
dom walk introduced in Refs. 41–43 in which the size o
walking step can assume the valuesxn5an(n51,2, . . . )
and the probability of the corresponding step
pn5const/bn (b.1). In that case

^x&5 (
n51

`

xnpn5const(
n51

` S abD
n

~3.5!

and ^x&5` if a.b. In a similar way one can easily devis
processes for which divergence begins at higher momen

If a particle moves at a constant speed, thenx5const•t
and we encounter a similarity of different time intervals of
process. This similarity as well as fractal properties of tim
sequences have been thoroughly discussed in a numb
physical problems.41,44,45An analogous phenomenon seem
to occur in the problems of dynamical chaos as well.23–25

The peculiarities of dynamical chaos compared to a ‘‘co
ventional’’ stochastic process will be discussed below.

The fact that the distribution function~3.3! and the mo-
ments~3.5! have self-similarity properties results in an u
usually slow convergence in the condition associated w
the ergodic property of a system,

f ~x~ t !![ lim
t→`

1

t E0
t

f ~x~t!!dt5^ f ~x~ t !!&5^ f ~x~0!!&5 f 0 ,

~3.6!

where f is an integrable function of the dynamical variabl
x; angular brackets mean that averaging is made over
phase volume of a system.
No. 4, 1995
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656 George M. Zaslavsky: From chaos to Demon
The usual way to observe the property~3.6! is to find the
correspondent valuesf̄ and ^ f & and to compare them. Fo
example, phase averaging^ f & can be performed by observin
N orbits with the time spantN each. One can expect that i

NtN5t ~3.7!

and t is sufficiently large, then the results forf̄ and ^ f & in
~3.6! will be approximately the same. The self-similarity
the random process of chaotic dynamics and the existenc
traps in the phase space of a system give rise to new p
lems. The most typical question is23 what the time scalet0 is
and what the sufficient number of orbitsN0 is such that for
tN.t0 andN.N0 the value off̄ is close to^ f &. If the pair
(t0 ,N0) exists then one can use the condition~3.7! in differ-
ent ways. Only for the systems with good mixing propert
one can prove the fast convergence off̄ to ^ f & and the ex-
istence of the pair (t0 ,N0) using, for example, Markov’s
partition method.46 As it was demonstrated in Ref. 23, slo
convergence in~3.6! for dynamical chaos creates serious d
ficulties for the theory of chaos and a possibility of a ne
look at the MD problem.

IV. MAXWELL’S DEMON REVISED

In this section we would like to offer a new outlook o
the MD problem based on the use of solely the dynam
chaos phenomenon. Working on the problem of statist
laws foundation, one should be striving to derive the m
laws from the basic principles, and, similarly, considering
MD problem one would wish to devise not just the sche
of how MD is supposed to function, but the equations
motion ~or the Hamiltonian! which would create automati
cally a non-equilibrium~from the thermodynamical view
point! state. At this point we will have to face the need to
able to track each individual trajectory, i.e. one has to
capable of doing the very thing which~according to
Maxwell—see the quote in the Introduction! should have
been rejected in the statistical approach to phenomena.
important to understand that a thermodynamically n
equilibrium state can be created not only by achieving
temperature difference between the chambersA andB ~Fig.
1!, but also by achieving a pressure or density difference
in general, any difference between moments which are
sponsible for the macroscopic state of a system.

Let us explain how the dynamical chaos phenomen
leads to the equilibrium distribution of particles called i
variant measure. Consider a modification of Fig. 1 in wh
chambersA and B are replaced with two different Sinai’
billiards @Fig. 4~a!# communicating via a hole in the divisio
and having equal volumes of the admissible areas of par
motion. The billiardsA andB differ in that they have differ-
ent mixing times,tA and tB , which can also be said abou
the relative average times,^tA&/t and^tB&/t, of a single par-
ticle’s stay in each of the chambers, when a total observa
time t→`.

According to the Poincare´ Recurrence Theorem a pa
ticle can not get stuck in either of the chambers. As it w
noted in Section II, the distribution of recurrence times ha
CHAOS, Vol. 5
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Poissonian type and, therefore, the average recurrence
will be finite. The numerical analysis has shown that
following equality is true:

1

t
^tA&5

1

t
^tB& ~ t→`!, ~4.1!

independently of the type of relationship between the tim
tA , tB , if only there exist finite limits~4.1! at t→`. This
appears relatively easy to demonstrate. If one takes into
count that collisions of a particle with the cushions of b
liards A and B do not change the energy of the partic
(v25v25 const!, then the condition~4.1! can be considere
as an equality of temperaturesTA5TB for an arbitrary initial
ensemble of particles that have different speeds and do
interact with each other.

The whole picture can be altered if, for instance, o
arranges the billiardB in such a way that the islands, tra
pings, stickiness, etc.~described in Section III! will appear in
the particle’s phase space@see Fig. 4~b!#. Then it may turn
out that

lim
t→`

1

t
^tB&5` ~4.2!

and the corresponding survival probabilityCs(t) in ~3.2! has
a power tail att→`. In this case the equality~4.1! does not
exist, since one of the limits is finite and the other one
infinite. We shall call this situation the dynamical model
MD ~DMMD !.

In fact, one can get a broader view of the problem
including the case

lim
t→`

1

t
^tB
n&5`, n>1. ~4.3!

FIG. 4. Two billiards-type containers connected by a small hole in
division: ~a! both billiards have good mixing properties~Sinai billiards!; ~b!
one billiard ~B! has a long power-like tail in time correlator for the traje
tories, which creates time-traps.
, No. 4, 1995
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657George M. Zaslavsky: From chaos to Demon
This case will correspond to the violation of certain therm
dynamical conditions of equilibrium which do not have b
the equalities of the temperatures or the densities.

V. STRETCHING-TIME DOMAINS

In the next section an example of DMMD is considere
while in this one we describe a scheme of the statistical t
corresponding to the stretching time. This scheme is kno
as one of the possible ways of fractal time realization for t
Hamiltonian chaos23–25 and is essentially analogous to th
Weierstrass random walk in time.41–45

Consider the trajectory of a particle in the phase spa
Let the trajectory corresponds, for example, to the finite a
of chaotic dynamics. Select in the phase space an area
responding to theg-hypercube with sideR0 . In Fig. 5,
g<2. We assume that mixing and wondering in the pha
space are almost uniform everywhere except for a cert
area insideD0 . Then withinD0 one can isolate a subare
D1,D0 with volumeD15R1

g5 such that a fine structure of
wondering insideD1 is uniform everywhere except for the
areaD2,D1 with volumeD25R2

g (R2,R1), etc.
The formal design of the stretching time is based on t

fact that there exists a self-similarity of the areasDn ,

Rn5lR
nR0 ~lR,1! ~5.1!

and the time intervalsTn ,

Tn5lT
nT0 ~lT.1!, ~5.2!

spent by a particle in the area

Dn2Dn115Dn~12lR
g !,Dn . ~5.3!

One should note thatlR.1 which corresponds to progres
sively longer periods of particle’s being stuck, as the size
the areaDn decreases.

FIG. 5. A sketch of the recurrent time-trap~time-wrinkle in the phase
space!.
CHAOS, Vol. 5,
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A particle randomly visits different areasDn . Let us
evaluate an average time^T& of particle’s being stuck in the
areaD0 . Consider the equality

D05~D02D1!1~D12D2!1 . . .1~Dn2Dn11!1 . . . .
~5.4!

The probability that the particle gets into each of the ar
(Dn2Dn11) is proportional to its volume, i.e.

pn5const~Rn
g2Rn11

g !5lR
gn~12lR

g !, ~5.5!

where the relationships~5.1!, ~5.3! and the normalization
condition for pn are used. Hence, according to~5.2!, ~5.4!,
~5.5! we obtain

^T&5 (
n50

`

pnTn5T0~12lR
g ! (

n50

`

lT
nlR

gn . ~5.6!

At

lTlR
g,1, ~5.7!

we get

^T&5T0
12lR

g

12lTlR
g . ~5.8!

However,^T& diverges, if

lTlR
g>1, ~5.9!

with the case of equality being precisely correspondent to
Bernoulli paradox case.42 Thus when~5.9! is true, the trap-
ping of a particle in the areaD0 is possible in such a way tha
its mean average entrapment time inD0 is infinite @compare
with the condition~3.5!#. The condition~5.9! implies that

m5g ln~1/lR!/ ln lT<1. ~5.10!

It remains now to be found if a system in which th
dynamical trajectories behave in the above manner can e
i.e. if there exist areasDn with scaling relationships~5.1!,
~5.2! and the inequality~5.10! between scaling constant
lR ,lT is possible. An example of such a system is given
the next section.

VI. AN EXAMPLE OF THE DYNAMICAL MODEL OF
MAXWELL’S DEMON (DMMD)

As an example of a dynamic system with chaotic d
namics in which the above phenomenon of the time stre
ing can occur, let us consider the problem of a perturb
pendulum,47

ẍ1v0
2 sin x52ev0

2 sin~x2nt !, ~6.1!

wheren is frequency of the perturbation,e is the dimension-
less parameter of perturbation andv0 is the frequency of
small oscillations of the unperturbed problem. The equat
~6.1! has numerous applications~see the review in Ref. 48
and the most recent data49!. Strictly speaking, this example
does not define a closed system. Nevertheless the topolo
properties of the phase space of 1-1/2 degrees of free
system ~6.1! and 2 degrees of freedom system with tim
independent Hamiltonian are similar if some general con
tions of nondegeneracy are applied. That is why the mo
No. 4, 1995
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658 George M. Zaslavsky: From chaos to Demon
~6.1!, which is easier for a long time fine simulation, will b
used to demonstrate the possibility of design of MD ope
tion on the basis of a specific property of the phase spac
a system with dynamical chaos.

It is known that a perturbation destroys the separatrix
the unperturbed pendulum and causes the occurrence
stochastical layer with a very complex topological structu
The example of such layer is shown in Fig. 6~a! taken from
Ref. 49. The points correspond to the Poincare´ mapping of a
single trajectory with mapping period 2p/n. The darker ar-
eas are the aggregates of points and represent trappings
particle near the island boundaries with the trajectory
penetrating into the islands. As it was noted above, stickin
of the islands boundaries is a general property of the Ha
tonian chaos, which is demonstrated by dark bands nea
island boundaries in Fig. 6~a!. In Fig. 6~a! the trajectory@or,
CHAOS, Vol. 5
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more precisely, its Poincare´ section for the cylinder phase
space withx ~mod 2p)] is demonstrated. As an example le
us consider the lower island in greater detail. Its dark ba
consists of 7 subislands. One of the subislands is magni
in Fig. 6~b! in which subislands of the next generation an
the area of the stickiness are seen. The magnification of
upper portion of Fig. 6~b! is shown in Fig. 6~c!. It reveals
persistence of the islands’ generations and the stickines
the island boundaries.

As a whole the picture of island formation and partic
trapping near the island boundaries resembles the above
tem ~see the previous section! of the areasDn enclosed with
one another. The results of Ref. 49 demonstrate the existe
of the similarity laws~5.1!, ~5.2! with parameters

lR
2;0.07; lT;8.9. ~6.2!

FIG. 6. Example of the stochastic layer~a! and two ~b!, ~c! subsequent
magnifications of its part~the dark boundary layer of the main resonan
island at the bottom of the figure!. Points correspond to the Poincare´ section
of a trajectory for Eq.~6.1! with parametersv051, n55.4, e50.9. The
figures are taken from Ref. 49.
, No. 4, 1995
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659George M. Zaslavsky: From chaos to Demon
Unfortunately, there is no reliable data forg. We can assume
that g;1, since particle’s getting into the trapping area
associated simply with crossing the boundary of the stoc
tic layer. In realityg can slightly exceed 1. Hence in acco
dance with the formulas~5.10!, ~6.2! one derives

m; 1
2 ln~1/0.07!/ ln 8.9;0.6,1,

and the condition is met that the boundary area~annulas!
around the principal island in Fig. 6 can be considered a
trap with infinite average lifetime.

The practical realization of MD based on the above
namical model is the following. For some values of para

FIG. 7. Nonoverlapped~a! and two slightly overlapped~b! stochastic layers
for the same model as in Fig. 6 with parametersv051, e58.1, and
n58.6 ~a!, 8.57 ~b!. The last one withn58.57 can be used as a MD
operator. Overlapping is between the main~on the top stochastic layer an
the next below it.
CHAOS, Vol. 5
is
as-
-

s a

y-
-

eterse and n/v0 in ~6.1! there exists a series of statistica
layers separated by invariant curves@Fig. 7~a!#. By slightly
changing the value ofe one can cause, say, the two uppe
layers to merge or even slightly overlap@Fig. 7~b!#. Then the
lower stochastic layer can be considered as a chamberB,
while the upper one—as a chamberA. Figure 8~b! represent-
ing Poincare´ section for one trajectory, demonstrates a lon
term trapping in the chamberB and supports the relevance o
introducing the two chambersA andB with different particle
density. As the case illustrated by Fig. 8~b! is related to the

FIG. 8. Poincare´ sections of an only orbit of the case in Fig. 7~b!, which
displays clearly the trajectory stickiness at the narrow layer of the pictur
bottom. This part of the phase space can be considered as the chambB
whereas the top part of the phase space can be considered as the chamA.
There are two different displays of the orbit:~a! in the cylinder phase space
(x, mod 2p); ~b! infinite in x in the phase space. The darkness indicat
more visitings of the area.
, No. 4, 1995
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660 George M. Zaslavsky: From chaos to Demon
phase plane, the average energies of particles in the areA
andB also differ.

The actual physical meaning of the described situatio
that chaotic dynamics leads neither to the uniform mixing
phase space nor to the uniform relaxation and transport.
mixing process describes a small scale behavior, while
transport process~kinetics! describes a large scale one. Th
statement refers to the typical cases of Hamiltonian cha
There is no rigorous theory of the anomalously sticky d
mains in the phase space, so the asymptotic properties o
phenomenon of island boundary stickiness are absent. N
theless one can argue that for some ranges of the perturb
parameter value the average trapping time can turn out t
comparable to any large value of the time interval of t
system’s existence or observation. Thus, for this interval
in the mentioned above limited sense the chaotic dynam
can give rise to the thermodynamically non-equilibriu
state.

VII. EXAMPLES

Two examples of the phenomena related to DMMD w
be given below. It was shown that the dynamical design
MD is based on a very specific interplay between the sp
and time self-similarity of a dynamical process. The proc
consists in that orbits go around a set of self-similar isla
and switch from one island set to another. The rotatio
around small islands resemble the rotations around big
islands so that one can speak about the persistence o
space memory. For the same process the smaller the is
the longer the period of revolution around it. This property
the dynamical process was named time-stretching and it
multaneous connection to the space self-similarity remi
us of the famous painting by Salvator Dali entitled ‘‘Pers
tence of memory’’ which depicts a soft~stretching! clock.
~Dali’s own commentary to this painting is: ‘‘Materialisatio
of the flexibility of time and the indivisibility of time and
space. Time is not rigid. It’s one with space—fluid.’’51!

The two examples below are related to the DMMD.
~a! Plasma edge of the tokamak. It is supposed that in the

fusion reactor of the tokamak type the energetic part
should load a huge energy to the thin layer of plasma e
located near a separatrix of the magnetic field of the dev
To make the energy loading more ‘‘smooth’’ an ergodic
vertor ~Fig. 9! is used which creates a stochastic layer n

FIG. 9. A sketch of the so-called ergodic divertor with two divertor pla
for the tokamak plasmas.
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the plasma edge. As it was shown above by a special ch
of the field of perturbation one can find the conditions whi
will make it possible to separate and trap necessary~or un-
necessary! groups of ions for a fairly long time. In this mode
the bulk plasma can be considered as a chamberA and the
part of the edge plasma plays the role of a chamberB ~high
temperature area!.

~b! Finite-time computability. Let us consider a compu
tational algorithm and raise the question of its finite tim
computability in the described below sense. The higher
accuracy of the algorithm the longer the computation tim
In performing a computation with an adaptive grid one has
deal with a probabilistic measure of the grid sizes that oc
during prolonged computations. What is the mean timet
necessary to perform the computation with an appropr
accuracy?

The problem in a very rough sense possesses a featu
the Weierstrass-like random walk described in Section
Indeed let the sizes of grids follow the exponential law

r n;l r
nr 0 ~l r,1!, ~7.1!

and let the computational time for a grid with sizer n is tn
with the same kind of the exponential law,

tn;l t
nt0 ~l t.1!. ~7.2!

From ~7.2! and ~7.1! we have, by excludingn,

tn /t0;~r 0 /r n!
m, ~7.3!

with

m5
ln l t

ln 1/l r
.0. ~7.4!

It is obvious thatjn5r 0 /r n.1 and the behavior of
tn5tn /t0 depends on the value ofm and, generally speaking
on the distribution functionf (j) of how often different grids
occur during the computations. Iff (j);exp(2j/a) or
exp(2j2/a2) then there exists a finite scalea which cuts off
the integral for any moment̂ jm& and, consequently
^t&5^tn /t0& is finite. If, for example,

f ~j!;1/j11a ~j→`,or r n→0!, ~7.5!

then

^t&;^jm&5H const ~m,a!,

` ~m>a!.
~7.6!

The expression~7.6! gives a practical rule for an adaptiv
grid scheme of computations which consists in that fo
fixed a the integrator should satisfy the condition

ln l t /~ ln 1/l r !,a, ~7.7!

which means simply that ‘‘there is no presence’’ of the M
in our computations.

VIII. CONCLUSIONS

In this article we have discussed two issues related to
principal problem of the Hamiltonian dynamical chaos whi
is to determine what the real chaotic trajectory is. The fi
issue is related to the role of islands in the phase space

s

, No. 4, 1995
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661George M. Zaslavsky: From chaos to Demon
system, and the second one reformulates the near-island
namics process as a possible model for Maxwell’s Dem
~MD!. Crucial for the chaotic dynamics is that the large tim
asymptotics for the majority of typical orbits is still outsid
our understanding while the short time scale properties s
as the sensitivity to the initial condition perturbation are re
sonably clear. We can modify the formulation of difficultie
by simply mentioning that some fine properties of the sm
time scale dynamics, being behind the stage, strongly in
ence the large time asymptotics. Our conjecture is that
large time asymptotics of the kinetics is determined by
motion entangled in islands-around-islands domain . In a
cent publication51 it was found by a sophisticated simulatio
of the standard map that for at least 1010 steps the dynamics
corresponds to the anomalous~non-Gaussian! statistics.

We believe that some irregularities of the chaotic d
namics, being different from those of the normal~Gaussian!
dynamics, could be critical for the general ambitious goa
the statistical laws foundation. In this article we have show
that if the fractional kinetics exists for the Hamiltonian cha
situation, then it could manifest itself in the possibility
design MD. Even if the fractal time process is only a suita
approximation for fairly long time periods, it is sufficient t
introduce a ‘‘restricted’’ MD which will operate for a time
period comparable to the lifetime of the universe.
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40P. Lévy, Theorie de l’Addition des Variables Aleatoires~Gauthier-Villiers,
Paris, 1937!.

41E. W. Montroll and M. F. Shlesinger, inStudies in Statistical Mechanics
edited by J. Lebowitz and E. M. Montroll~North-Holland, Amsterdam,
1984!, Vol. 11, p. 1.

42B. D. Hughes, M. F. Shlesinger, and E. W. Montroll, Proc. Natl. Acad. S
USA 78, 3287~1981!.

43B. D. Hughes, E. W. Montroll, and M. F. Shlesinger, J. Stat. Phys.28, 111
~1982!.

44M. F. Shlesinger, Annu. Rev. Phys. Chem.39, 269 ~1988!.
45M. F. Shlesinger, G. M. Zaslavsky, and J. Klafter, Nature363, 31 ~1993!.
46Ya. G. Sinai,Topics in Ergodic Theory~Princeton University Press, Prin
ceton, NJ, 1994!.

47G. M. Zaslavsky and N. N. Filonenko, Sov. Phys. JETP25, 851 ~1968!.
48G. M. Zaslavsky, R. Z. Sagdeev, D. A. Usikov, and A. A. Chernikov,Weak
Chaos and Quasiregular Patterns~Cambridge University Press, Cam
bridge, 1991!.

49G. M. Zaslavsky and S. S. Abdullaev, Phys. Rev. E51, 3901~1995!.
50S. Dali, A Study of His Art-in-Jewels~The New York Graphic Society,
Greenwich, CT, 1959!.

51J. D. Meiss, Physica D74, 254 ~1994!.
, No. 4, 1995


